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Abstract

We derive an aggregate state-space representation of state-dependent pricing models with
random menu costs and strategic complementarities. The representation, derived from
first principles, replaces the cross-sectional distribution of price gaps with a finite set of
its moments (the first three), while preserving the key economic forces of state-dependent
pricing-movements in the frequency of price adjustment and selection. Along the impulse
response, inflation is an odd (cubic) polynomial in the average price gap. Embedded in a
general equilibrium setting, the model can be solved by perturbation, filtered, and estimated
with standard DSGE tools, and it matches well the global solution across shock sizes. Applied
to the 2021-22 inflation surge in the United States and the euro area, it shows that much of
the variation that linear models would attribute to cost-push shocks is in fact endogenous
amplification through the frequency of price changes and selection.
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1 Introduction

Canonical time-dependent models of price setting (Taylor 1980; Calvo 1983) imply a log-linear
relationship between inflation and fundamentals. The 2021-22 inflation surge exposed the limits
of this linearity: forecasts built on linear Phillips curves missed the surge, and the frequency of
price adjustment, flat for two decades, rose sharply with it in the United States and in the euro area
alike (Cotton and Garga 2026; Gautier et al. 2026). Models with state-dependent pricing generate
exactly this pattern: a large shock displaces firms’ listed prices from their targets, and more firms
reprice (Blanco et al. 2026; Gagliardone et al. 2026). In menu-cost models, the firms that reprice
are also those whose prices are furthest from target, so inflation accelerates further (Caballero and
Engel 1993, 2007; Golosov and Lucas 2007). Despite their empirical appeal, state-dependent models
remain rare in applied macroeconomic work. The deterrent is computational: their equilibrium
tracks the entire cross-sectional distribution of price gaps, an infinite-dimensional state that
requires global solution methods. Moreover, with strategic complementarities in price setting,
the equilibrium becomes a mean-field game (Alvarez et al. 2023), difficult to solve and harder to
blend into standard DSGE estimation frameworks.

This paper develops a solution to the computational challenges of the frontier class of
state-dependent pricing models with random menu costs and strategic complementarities. We
show that the model admits, at the aggregate level, an accurate state-space representation in terms
of a finite set of moments of the distribution. In particular, denoting the average price gap by x;,
defined as the cross-sectional mean of the difference between firms’ optimal reset prices and their
listed prices, and by o7 and y; the variance and skewness of the same distribution, we show that

inflation satisfies the following equation with third-order precision in the dispersion of price gaps:

m = (h(0) +3¢07) x;: + P (x] + ),

where h(0) and ¢ —hazard rate at the optimum and the curvature of the hazard function (Alvarez
et al. 2022)— are parameters of the adjustment decision of firms that can be inferred from data on
firm prices and costs.

Because inflation is an odd function of the history of the average price gap, we call this
mapping the odd approximation of inflation. When a sufficiently large shock hits, the average price
gap moves enough to activate the cubic term and to trigger adjustments in variance and skewness,
which we also characterize. The variance determines the elasticity of inflation to first-order
shocks, so that small shocks may have a large impact when gaps are dispersed. Incorporated
in this nonlinear model are the two hallmarks of state dependence—an endogenous increase in

the frequency of adjustment and selection among repricing firms. The cubic gives inflation an



S-shaped relation with the average price gap, which mirrors the relation between price gaps and
price changes that Gagliardone et al. (2026) document in firm-level data.

Using our state-space representation, we further provide a novel characterization of the
entire path of the impulse response function of inflation to an aggregate shock. Along the impulse
response, we show that the information contained in the higher-order moments can be further
collapsed into a single aggregate scalar—the average price gap. Up to a third-order approximation,
inflation then takes an intuitive and interpretable form as an odd (i.e. cubic) polynomial in the
average price gap:

7t = Prexe + Par x?.

From a theoretical standpoint, the approximation along the impulse response preserves and
sharpens the economic forces underlying state-dependent pricing despite its parsimony and
“oddness". First, its polynomial coefficients are closed-form functions of primitives measured in the
model’s steady state and the equilibrium persistence of the average gap. Second, we demonstrate
quantitatively that the same formula with constant coefficients and an appropriate recalibration
is well suited to capture the full nonlinear dynamics of the model—entirely abstracting from
movements in the higher-order moments of the distribution. We call the latter exercise with
constant coefficients “a poor man’s simplification,” as it provides a simple and portable block to any
extension of DSGE models that aims at quantitatively accounting for nonlinearities in inflation.

The methodological innovation proposed in this paper opens up the study of the time
series of inflation and frequency of price adjustments using standard methods developed for the
DSGE literature: filtering, smoothing, and estimation. To illustrate, we use a textbook New
Keynesian model (Gali 2015) augmented with state-dependent pricing. The model features a
nonlinear feedback between the interest rate and price gaps—usually treated as exogenous by the
literature on state-dependent pricing—which poses serious computational challenges when paired
with strategic complementarities. Our approach instead permits the use of standard perturbation
methods (e.g., Dynare) so that the model is solved in seconds. A novel insight that comes
out of the analysis is a substantial compression of the importance of cost-push shocks, which
previous literature based on linearized models has found—puzzlingly—to be the main driver of
inflation (Smets and Wouters 2007). We interpret this finding as cost-push shocks capturing the
nonlinearities that instead our model directly allows for.

Section 2 presents a canonical state-dependent pricing model in which firms face
idiosyncratic shocks, random menu costs, and occasional free adjustment opportunities (Dotsey
and King 2005; Caballero and Engel 2007; Nakamura and Steinsson 2010), embedded in a standard

general equilibrium framework. The characterization of the general equilibrium highlights the



central obstacles to the global solution: the state space is the full cross-sectional distribution of
price gaps and, when firms’ desired prices depend on aggregate prices, the equilibrium is described
by a nonlinear mean-field game.

Section 3 derives the odd approximation. First, we derive a quadratic approximation of the
firm-level probability of price adjustment, which implies that, near its target, a firm’s adjustment
hazard is convex in its own price gap. Aggregating this behavior across firms allows us to
express inflation in terms of moments of the price-gap distribution. Along the impulse-response
function to aggregate shocks, these moments reduce aggregate inflation and frequency to cubic
and quadratic polynomials in the average price gap alone, respectively. Underlying the results is
a remarkably simple intuition. The third-order term arises from the product of a second-order
extensive-margin response—the adjustment frequency rises with the square of the average price
gap—and a first-order intensive-margin response—the size of a price change is proportional to
that gap. Selection provides an additional channel of amplification. Finally, we embed the
approximation in a recursive general equilibrium. The mapping from the average price gap to
inflation and to the adjustment frequency closes into a system of aggregate recursions, together
with the laws of motion of the distribution’s variance and skewness. Standard perturbation solvers,
such as Dynare, can handle this system directly.

Section 4 validates the approximation against the globally solved menu-cost model.
Calibrated to the same primitive parameters as the global model, the odd approximation closely
tracks the global model’s inflation, adjustment-frequency, and output dynamics across small,
medium, and large shocks. For small shocks, it recovers the essentially linear behavior of inflation,
consistent with the local equivalence between Calvo and menu-cost models shown by Gertler
and Leahy (2008) and Auclert et al. (2024). For large shocks, its cubic term activates, capturing
the endogenous rise in the adjustment frequency, which Calvo misses, and the faster price-level
pass-through and greater short-run monetary neutrality that come with it. We also introduce a
poor man’s simplification, with constant coefficients fitted directly to the global impulse responses,
which—we show—can also match the global model almost exactly.

In Section 5 we take the odd approximation to US and euro-area data. We parameterize
the pricing block, solve the model with third-order perturbation methods, and recover structural
shocks with a nonlinear smoother. Despite the simplicity of the model, the historical shock
decomposition yields a sensible decomposition of the 2021-22 surge: cost-push shocks triggered
at the beginning, a large and persistent contribution of demand, amplified by monetary
accommodation. In normal times, the historical shock decomposition produced by the nonlinear
smoother is consistent with the one produced by a standard Kalman smoother applied to the

linearized version of the model (a Calvo model). During large-shock episodes, however, the



nonlinear model attributes less of the inflation surge to exogenous cost-push shocks (cost-push
compression) and more to demand. This is because the linear model confounds exogenous shocks
with the endogenous amplification that operates through frequency and selection.

Applying our algebraic decomposition of inflation, we find that the frequency and selection
channels account for about half of peak model-implied inflation during the surge in the United
States and about two-fifths in the euro area. The model reproduces the observed timing of the
frequency response and, especially for the euro area, its magnitude. Accordingly, the effective
slope of the Phillips curve nearly doubles in the United States in 2008-09 and rises by about
three-quarters in 2021-22. In the euro area, it reaches more than twice its steady-state value at the
2022 peak.

In Section 6 we leverage the tractability of the odd approximation to perform policy
counterfactuals. Feeding the recovered innovations through the estimated model and a
frequency-matched Calvo benchmark, we study the cost of looking through the surge. Looking
through the surge costs about two to three times the Calvo prediction, because monetary
accommodation leaves the frequency-selection feedback loop unchecked. The trade-off facing
a central bank that tightens instead is state-dependent, as in Karadi et al. (2025): the slope-implied
output cost per point of disinflation falls to about 30 percent of the constant Calvo value near the
US surge peak, and to about a quarter of it in the euro area’s larger surge, because state-dependent
pricing adds a demand-like component of inflation that policy can lean against, most effectively

when the shock is large.

Relation to the literature. Our benchmark state-dependent pricing model with random menu
costs, free price adjustment, a quadratic approximation to profits, and a mean-field game structure
builds on the prior contributions of Dotsey et al. (1999), Nakamura and Steinsson (2010), and
Alvarez et al. (2023). Our aggregation result leverages the approximation of adjustment decisions
through a quadratic hazard function of price gaps (Alvarez et al.,, 2022; Alvarez and Lippi, 2022;
Gagliardone et al., 2026).!

The paper most directly related to ours is Blanco et al. (2026), which derives an aggregation
result for a modification of the canonical menu cost model. In particular, they propose a variation
in which multiproduct firms choose the fraction of product prices to adjust, but not which ones,
and thus abstract from selection among adjusting products. Instead, we work with a conventional
menu cost framework and show that, up to third order, it admits an aggregate state-space

representation without imposing any non-standard behavioral assumptions. This allows us to

IThe quadratic hazard is consistent with the convex adjustment probabilities documented in micro data (Eichenbaum
et al,, 2011; Gautier et al., 2023; Karadi et al., 2024a; Gagliardone et al., 2026).



assess the importance of selection, which we show significantly contributes to explaining the
2021-22 inflation surge. Also related is Adams (2026), which reduces the dimensionality of
the problem by numerically approximating the dynamics of the distribution with its primary
eigenfunction. Instead, we provide a closed-form characterization of the effects of the distribution
on inflation dynamics that preserves and sharpens the economic intuition while delivering the
same quantitative tractability.

Our results connect with Auclert et al. (2024) and Auclert et al. (2026). In Auclert et al.
(2024), the authors show that, to first order in aggregate shocks, the canonical menu-cost model
is equivalent to a mixture of two time-dependent models with constant adjustment frequencies.
We provide a further characterization of the relation between these classes of models up to the
third order: while the first-order effect of an aggregate shock depends on the dispersion in price
gaps, changes in frequency contribute to inflation at a third order. Auclert et al. (2026) extend
sequence-space Jacobian methods to third order, obtaining a stochastic solution to a menu-cost
model by numerical differentiation of the impulse response around the steady state. The two
approaches are distinct and complementary. First, our focus is on deriving an explicit state-space
representation of the model. This allows us not only to solve the model efficiently, but also to
produce a historical decomposition. Second, we obtain closed-form expressions for the impulse
response of inflation directly from the problem’s primitives, whereas their solution is numerical.
At first order, our mapping recovers the small-shock equivalence results of Gertler and Leahy
(2008) and Alvarez et al. (2017).

A related line of research studies the role of the extensive margin of adjustment in
quantitative models and their implications for shock transmission (Costain and Nakov, 2011;
Ghassibe, 2024; Ghassibe and Nakov, 2025) and monetary policy (Afrouzi et al., 2024; Karadi
et al., 2025; Ascari et al., 2025). While our general equilibrium model is purposely stylized and
abstracts from important quantitative aspects and optimal policies, our state-space representation
can be embedded in richer models to simplify computations and perform filtering, smoothing, and
parameter estimation. Moreover, our representation can be employed to study nonlinear optimal
policies in a tractable yet general framework. In particular, using a textbook three-equation
New Keynesian model (Gali, 2015) extended to allow for the extensive margin of adjustment, we
leverage the shocks recovered from the 2021-22 inflation surge to quantify the gains from a more
aggressive monetary policy.

Our paper adds to the evidence that the post-pandemic inflation surge was a state-dependent
episode. The sharp rise in repricing frequencies in the United States and the euro area (Cotton and
Garga, 2026; Gautier et al., 2026) is consistent with the nonlinear inflation dynamics emphasized,

among others, by Harding et al. (2023), Blanco et al. (2026), Cavallo et al. (2024), and Gagliardone



et al. (2026). Our tractable higher-order approximation provides a tool to study historical episodes
using aggregate data that accounts for the movements in the aggregate frequency of price changes.

Methodologically, the odd approximation confronts the obstacle of solving for equilibrium
dynamics that depend on an infinite-dimensional cross-sectional distribution. The Krusell and
Smith (1998) algorithm offers a numerical solution to this problem. It posits a parametric law of
motion for few moments, checks it by simulation, and verifies that forecast errors are small. Within
our state-dependent framework, we instead derive the mapping from moments to aggregates in
closed form from the pricing problem’s primitives. Our odd approximation also addresses the
informational burden of full rational-expectations models emphasized by Moll (2025). Along the
impulse response and in the quantitative poor man’s simplification, firms need to track only the
first moment of the price-gap distribution. This allows us to obtain an algebraic reduction of the

(still rational-expectations) equilibrium to a recursive, low-dimensional pricing block.

2 State-dependent pricing within a canonical NK framework

We characterize firms’ pricing policies and aggregate inflation in a generalized menu-cost model
with smooth adjustment costs and quadratic profits. We embed the resulting pricing block in a
standard three-equation NK model with consumption goods only and a nominal interest rate rule
(e.g., Gali 2015).

Throughout the paper, lowercase letters denote logarithms of the corresponding uppercase
variables for prices, wages, and quantities (e.g., p; = In P,); all other lowercase symbols are defined
where they are introduced. The operators O(-) and o(-) denote the Landau orders (Big O, small o)
as their arguments tend to zero. All derivations and proofs are presented in Appendices B and C.
For expositional purposes, in the baseline model we assume no trend inflation, Gaussian shocks,

and an invertible demand system with constant elasticity across varieties.

2.1 The pricing block

In each period t, the economy is populated by a continuum of firms indexed by f € [0, 1], each
selling a single differentiated product under imperfect competition. Each firm faces a residual

demand function:
ui(f) = d(pe (£ 8 (pe) + s

defined over its own price p,;(f), a taste shock {;(f), and the aggregate price index p,, defined as
the average taste-adjusted listed prices, p; () — {;(f).

Output is produced using labor with a production function featuring short-run



returns-to-scale equal to 1/(1 + v) and Hicks-neutral (log-)productivity, given by the sum of an

aggregate component a; and an idiosyncratic component a; (f):

w(f) = (ar+a () + 20

1+v

We assume the firm-level component, a;(f), evolves as a random walk in levels with increments
€:(f) drawn ii.d. across firms and time from a mean-zero Gaussian distribution with variance o?2.

These increments are realized at the beginning of the period, before firms set prices.

Profit maximization. Firms maximize intertemporal profits by choosing factor demands and
pricing policies subject to nominal and real rigidities. Firms’ nominal marginal cost is shifted by an
aggregate cost-push disturbance u,;. Following Clarida et al. (1999), we take it as a reduced-form
wedge that stands in for supply-side disturbances, such as oil or energy price increases. Given

output, cost minimization implies that a firm’s nominal marginal cost is given by:

mey (f) = —=(L+v)a; (f) + & + vy (f) & =wr+log(l+v)— (1+v)a, +u, (1)

The first two terms capture the idiosyncratic and aggregate components of the firms’ cost shifter.
The idiosyncratic component, —(1 + v)a;(f), inherits the random walk dynamics from the firm’s
own productivity. The aggregate component, &;, combines an endogenous term, the nominal wage
w;, with two exogenous drivers: aggregate productivity, a;, and the cost-push disturbance, u;.

Nominal rigidities arise due to real costs of adjusting prices. Upon changing its price, a
firm pays a strictly positive fixed, random cost y;(f), denominated in units of the final good, i.i.d.
across firms and over time and drawn from an exogenous, continuous distribution G(-) with finite
density and G(0) = 0. As in the Calvo-plus model of Nakamura and Steinsson (2010), we allow in
addition a probability of free adjustment, carried separately from G (Equation (5)).

Given the idiosyncratic realization of the menu cost, the firm jointly chooses whether to
adjust its price (optimal choice denoted with a star, I} (f) € {0, 1}), and, conditional on adjustment,

the (dynamic) target price p} (f), to maximize firm value:

D= R e ;ﬁ (M) = pon (D e (1 @

where f € (0,1) and II,(f) denote the firm’s discount factor and (real) flow profits (revenues

minus total costs), respectively.

Definitions and assumptions. We define four firm-level objects:

(i) Static target price—the price a firm would choose in the absence of nominal rigidities.



Following Alvarez et al. (2023), we work with a quadratic approximation of the static profit

function; as we show in Appendix B, profit maximization yields a static target price of:

Pi) = =E)(u+&+vy) +Epe + L (f), (3)

where u denotes the log steady-state net markup and y; is aggregate output. The parameter
= € [0,1) is the weight the static target places on competitors’ prices, which can arise from
decreasing returns to scale in production or strategic complementarities in price setting. In
both cases, = # 0—a firm’s pricing decisions depend on its own unit cost as well as on its
competitors’ prices—and the model is a mean-field game (Alvarez et al. 2023), in which firms
need to forecast the evolution of the price distribution in order to set their price.

Taste shocks shift the demand for a firm’s variety, and productivity shifts its marginal
cost. Following the literature, we assume that taste shocks move one-for-one against
idiosyncratic productivity in levels, {;(f) = —a;(f) (Woodford 2009; Midrigan 2011; Alvarez
et al. 2016). Under this assumption, the idiosyncratic terms of the static target combine into
{;(f) with a unit loading (Appendix B), and the firm’s pricing problem depends on a single

idiosyncratic state (see Lemma 1).

(ii) Price gap—the deviation of the reset price from the price the firm carried into the period:

xt(f) = p7 (f) = pe-1(f). (4)

The price gap is measured before adjustment decisions are made, as it incorporates the
realization of period t aggregate and idiosyncratic shocks, as we explain below. It equals
the firm’s price change conditional on adjustment.

We denote by F;(x) := Pr(x;(f) < x) the cross-sectional distribution of price gaps at time ¢,

with mean x;, variance o7, (not standardized) skewness ;, and kurtosis k; given by:
Xp = / x dF;(x), ol = /(x —x:)% dF,(x),

U = /(x — x;)} dF(x), Kt = /(x - x1)* dFy(x).

Throughout, we maintain regularity assumptions on the distribution that allow us to provide
bounds on the higher-order moments of the cross-sectional distribution of price gaps, spelled

out formally in Appendix A.? Finally, we denote by F, the distribution of price gaps in the

2 Assumptions 4a—c in Appendix A are three requirements on the shape of the distribution of increasing strengths.
Assumption 4a is a weak regularity requirement that permits us to bound the mean gap by the variance and is used
in derivations of the bounds of Equation (17). Assumption 4b is a moderate regularity requirement that allows us to
abstract from the effects of selection on the dynamics of variance and skewness (up to, respectively, second and third
order approximations) while retaining the effects of selection on inflation. It is used to derive a closed system that



stochastic steady state (when only idiosyncratic shocks are present) and by x, o3, Y, ko the

corresponding moments.

(iii) The reset gap—the difference between the static and dynamic optima:

X (f) =pi(f) = P (f)-

As in Alvarez et al. (2016) and Gagliardone et al. (2026), the reset gap is an aggregate scalar,
homogeneous across firms, x} (f) = x)° (see Appendix B.2).> Observe that the sum of the reset
gap and the price gap equals the gap between the static optimal price and the price carried

into the period, a feature we make use of below.

(iv) Hazard rate—the optimal probability of price adjustment between consecutive periods,
conditional on the realization of the price gap but prior to observing the idiosyncratic menu

cost draw:

he(x) = EAL; (f) | xe(f) = x}.

Characterization of pricing policies. We now characterize firms’ pricing policies—the
decision to adjust (extensive margin) and the size of the adjustment (intensive margin). To do so,
Lemma 1 establishes the price gap as the sufficient firm-specific state variable, which characterizes

both the value function and the hazard rate.

Lemma 1 (Price gaps as state). The value function V; : x;(f) — Vi(x:(f)) € R satisfies the

following conditions:

(i) Recursive representation:
B * 2 / ’ ’
Vi(x) = _E(xt +x) +pB Et[ht+1(x )((Vt+1(0) - )(t+1) + (1 = hia(x )) Vi (x )] )

where B > 0 is the curvature of the flow profit function (Appendix B), x" next period’s price gap, and
Xr+1 the average cost paid by the firms that do adjust.

(ii) Interior optimum: V/(0) =0, V/(0)<0.

(iii) Optimality principle:  Vi(f) = max {(Vt(xt( ), Vi(0) = xa( f)}

does not involve further higher-order moments in Proposition 2. Assumption 4c is a strong regularity condition that
requires that aggregate shocks and idiosyncratic heterogeneity vanish at the same rate, and is used in the closed-form
characterization of the impulse response function of inflation and frequency (Theorem 2).

3Two features of the environment deliver this. The static target moves one for one with the firm’s own shifter, and
that shifter is a random walk, so a firm’s best forecast of its own future targets is its current one, displaced by aggregate
news that every firm shares. Measured from its own target, every firm therefore faces the same problem and picks the
same distance from it.

10



Moreover, in a stationary environment where x; = x* and the conditional law of motion of x;+1(f)

is time-homogeneous, V;(x) = V(x) and h;(x) = h(x).

Proof. See Appendix C.1. O

Extensive margin decision—Under Lemma 1, the hazard function is characterized by:

Be() = he(xe(f) = he(0) + (1= he(0)) G(V2(0) = Vel (1)), ©)

The endogeneity of firms’ hazard function is at the core of state-dependent pricing. Intuitively, the
probability that a firm adjusts its price increases with the distance between the value of adjusting
and the value of not adjusting. As in the Calvo-plus model of Nakamura and Steinsson (2010),
we also allow firms to adjust their prices for free with a positive probability given by h;(0). The
Calvo (1983) model is a special case nested in this framework, in which G — 0 pointwise on
(0, 00)—menu costs grow so large that no firm pays them and adjustment occurs only through
the free-adjustment probability—so that the hazard is homogeneous across firms and is typically

time-invariant (h;(x;(f)) = h(0)).
Intensive margin decision—The first-order condition of problem (2) with respect to p} (f) is:

(o) (Vi) }
0= {apm ”E’*‘( 3p:(f) )

As we show in Appendix B, iterating the equation above forward and approximating I1;(f) up to

p:(H)=pF (f)

second order around the static optimum leads to the dynamic reset price being a present value of

current and expected static target prices and hazards:

5> p (ﬁm : hﬁj(f)))p?ﬂ-(f)

i=0 j=1

pr(f) = (6)

By 220 B (150 (1 = heas ()
Here h:yj(f) is the firm’s adjustment probability evaluated at the price gap it would carry into
period t + j had it not reset since t. Thus, E, ]_[;:1 (1= hs4j(f)) is the probability that the price set
at t is still in effect at ¢ +i. As in Calvo (1983), when choosing its reset price, a firm recognizes that
today’s price may remain in effect for several periods, so expected cost dynamics matter. Unlike
the Calvo model, the adjustment probability is firm- and time-specific, varying with current and

expected price gaps (Dotsey and King 2005).
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Aggregate inflation. Leth, := / h;(x) dF;(x) denote the average frequency of price adjustment

at time t. We define inflation as the log change in average of firm-level taste-adjusted listed prices:

1
w= [ appar= [ o xdrio
0
= h; - x; + Covp, (ht(x), x) (7)

The first equality uses the fact that only adjusters change their price and applies the law of large
numbers to replace the adjustment indicator with the hazard. In the second line, we use the
cross-sectional covariance identity to decompose aggregate inflation into two terms. The first
is the product of the extensive margin—the average frequency of price adjustment h,—and the
intensive margin—the average price gap x;. The second is the selection effect—the cross-sectional

covariance between firms’ adjustment probability and their price gap.*

2.2 Closing the model

The economic relationships outside the pricing block are standard. (Because we do not have
capital or investment, for example, we do not need to include firms in the non-pricing block.) We
deliberately work with standard log-linearized versions of these equations, allowing us to focus on
the pricing block as a source of nonlinear inflation dynamics. Richer interactions or nonlinearities

elsewhere are conceptually straightforward to add but beyond our scope.

Household. A representative household chooses consumption C; and labor supply L; to

maximize lifetime utility:

00 Cl—y L1+(p

max Ey Zﬂteybf(t— - L ),

Colr 4 1-y 1+¢
where y > 0 denotes the inverse of the intertemporal elasticity of substitution, and ¢ > 0 denotes
the inverse Frisch elasticity of labor supply. The variable b, = p,b;—1 + %; is an exogenous
preference disturbance (a pure demand shock) that shifts the household’s willingness to postpone

consumption.’

As is standard, in our baseline model, the aggregate consumption bundle C;
aggregates the differentiated goods produced by firms via a constant-elasticity demand system
with the firm-specific taste shocks {;(f) entering as demand shifters.

The household can transfer resources intertemporally by purchasing one-period riskless

4The accounting decomposition in Equation (7) is closely related to that in Costain and Nakov (2011), who quantify
the intensive, extensive, and selection margins in a globally solved model of smoothly state-dependent pricing.

Because b; scales the entire period utility, it leaves the household’s labor supply schedule, and hence marginal costs
and the pricing block, untouched. Writing the shifter as e’?t rather than eb* normalizes the units of b; so that it enters
the consumption Euler equation with a unit coefficient; the two coincide under the log utility we calibrate.

12



discount bonds, B;, which pay a nominal yield i;. The intertemporal budget constraint is given by
P,Cy + B; = WyL; + Dy + (1 +i;—1)B;—1, where W, denotes the nominal wage and D, the aggregate
nominal dividend, equal to firms’ real profits net of menu costs times the price level, accruing from
the ownership of the production sector.

The household side of the model is characterized by standard labor supply and log-linearized

consumption Euler equations:

Wi = pr = yer + ¢l 8)
¢t =B{cen} —y ' (re+In ) + by — Ee{brs1}, )

where the real rate satisfies the Fisher equation r; = i; — E;m;11. Market clearing requires:
N; =L (10)
1
C=Y-M. M= [ w(DTf, (1)
0

once the resources absorbed by price adjustment (menu costs) are accounted for.®

Monetary policy. To close the model, we take a stance on how the interest rate i; is determined.

We use a nominal-rate rule that obeys the Taylor principle, as in the textbook NK model (Gali 2015):

it=—lnﬂ+¢”ﬂt+lt, (12)

It = Pulr—1 %G, (13)

where i; denotes a monetary policy shock.

2.3 The general equilibrium

Given a price-gap distribution and exogenous shock processes at date 0, a stochastic general
equilibrium of the global model is a path of cross-sectional price-gap distributions {F;};so,
firm-level pricing policies {h;(-), p} () }+>0, and aggregate quantities {y;, 71z, iz, p¢ }+>0 consistent
with the rest of the model: the household’s optimality conditions and market clearing
(Equations (8)—-(9), (10), and (11)); the monetary block (Equations (12)-(13) and the Fisher
equation); and each firm’s cost minimization and pricing decisions (Equations (1)-(6)). The price
level p; is the average taste-adjusted listed price of the resulting cross-section, and inflation

7y = pr — pr—1 is the average price change of Equation (7).

The quantitative exercises below hold the cost of price adjustment at its steady-state value. Being an even function
of the average price gap, this term changes the level of output but leaves the odd polynomial of Theorem 2 and its
coefficients unaffected.
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As we have been discussing, because the price adjustment frequency is endogenous, price and
inflation dynamics are potentially nonlinear in state-dependent pricing models. Capturing these
nonlinearities requires solving the model globally, which raises three computational challenges.
First, the state space is infinite-dimensional. Because each firm’s hazard h,(x) and reset
price p}(f) depend on its own price gap, the cross-sectional distribution of gaps is itself a state

variable of the equilibrium, updating firm by firm according to:
Fra(x') = / [ht(x) O(x" = Aplyy) + (1= he(x)) @(x" —x — Ap;;l)] dF;(x),

where @ is the c.d.f. of the idiosyncratic increment to the price gap, —e,41(f), and Ap},, := p},, —p;
is the common component of the change in the reset price. Moreover, as the adjustment probability
is a nonlinear function of the gap, the law of motion of any given moment of F; involves higher
moments. Computing aggregate inflation therefore requires tracking the entire distribution.

Second, in the presence of macroeconomic or strategic complementarities in price setting
(E # 0, in our setting), the model has the structure of a mean-field game (Alvarez et al. 2023).
The optimal reset price p}(f) depends on expected future realizations of aggregate prices, which
depend on the future path of F;, which in turn depends on firms’ collective policies. This implies
that policy and the distribution have to be solved for jointly, which is a nonlinear fixed point over
functions with no closed-form solution.’

Finally, with the exception of simplified general equilibrium setups often used in the
literature (e.g., Golosov and Lucas 2007, which effectively treats firms’ nominal marginal cost
as exogenous), the aggregate drift entering the law of motion of price gaps is itself a general
equilibrium object: nominal marginal costs depend on nominal wages and output, which depend
on the price level, which in turn depends on firms’ pricing policies. This challenge is nested inside
the previous two, adding the additional complication that the law of motion for F; needs to be
evaluated simultaneously with both the pricing and demand blocks.

These challenges make global equilibrium computation costly and, a fortiori, severely limit
the scope for using state-dependent pricing models to conduct quantitative policy exercises—e.g.,
parameter estimation, filtering and historical shock decomposition, and counterfactual policy

analysis—that are routine in time-dependent frameworks.

In the following section, we develop an approximation of the state-dependent pricing block. Under

a mild set of assumptions, we derive a representation of inflation as a function of three moments

"Costain and Nakov (2011) address this problem numerically in a smoothly state-dependent pricing model,
representing the full distribution of firm-level states on a grid and computing its aggregate dynamics. See also Adams
(2026), who derives an analytical small-shock solution to a menu-cost mean-field game with trend inflation and proposes
a low-dimensional approximation based on the primary eigenfunction of the distribution of price gaps.
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of the price-gap distribution: the average gap, its variance, and its skewness. Along the impulse
response to an aggregate shock, the representation collapses to a polynomial in the average gap
alone. As we show, the approximate model preserves and sharpens the key economic forces
of state-dependent pricing, while making it possible to solve for equilibrium and transitional

dynamics using standard perturbation methods.

3 The approximate state-dependent model

We develop the pricing block of the approximate state-dependent model in four steps. First, we
approximate firm-level adjustment hazards as quadratic in the price gap and aggregate them into
the average frequency of adjustment. Second, we project aggregate inflation onto the moments
of the price-gap distribution. Third, we provide a recursive characterization of the general
equilibrium that embeds a state-dependent pricing block and solvable with standard perturbation
methods; we show that inflation and frequency impulse responses are odd and even polynomials,
respectively, in the average price gap. In doing so, we maintain the assumptions of zero trend

inflation and symmetric Gaussian shocks.

3.1 Approximation of firm-level hazard and aggregate frequency

Approximation of firm-level hazards. Following Alvarez et al. (2022) and Gagliardone et al.
(2026), we approximate firms’ hazard rates as a convex function of a single state variable, their
price gaps. Unlike these papers, we build on Lemma 1 and work with the (dynamic) price gap
x;(f) defined in Equation (4)—rather than its static counterpart py (f) —p;—1(f). As we make clear
below, this allows us to account for the continuation value of the pricing problem and characterize

the dynamic evolution of the system. The following proposition formalizes this result.

Proposition 1 (Quadratic approximation of the hazard rate). Under Lemma 1, up to second order

around the reset point, firms’ hazard rates are a quadratic polynomial in the price gap:

he(xe(£)) = he (0) + dexi () + 0(x; (), (14)

where h;(0) > 0 is the adjustment probability at the optimum and ¢; = —%(1 —h:(0))G’(0)V/(0) >
0 is the curvature of the hazard function. In a stationary environment, Equation (14) features constant

coefficients h;(0) = h(0) and ¢, = ¢ measured in the steady state.

Proof. See Appendix C.2. ]

Theoretically, the quadratic approximation holds in the class of state-dependent pricing models

whose menu-cost distribution has a continuous density at zero—the random menu costs of the
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generalized-hazard framework of Caballero and Engel (1993, 2007) and Dotsey and King (2005), and
Calvo-plus specifications in which the free-adjustment probability is carried alongside a smooth
menu-cost distribution, as here (Equation (5)). The Calvo (1983) model is the limit ¢ = 0, h(x) =
h(0), the steady-state frequency. Empirically, the quadratic approximation in (14) is consistent
with micro evidence of a convex relationship between firm-level adjustment probabilities and price

gaps (Gagnon et al., 2013; Gautier et al., 2023; Karadi et al., 2024a; Gagliardone et al., 2026).

Approximation of average frequency of price adjustment. Using Equation (14) and
assuming stationarity, we obtain the following expressions for the average frequency of price

adjustment in period ¢ and in steady state:

he = h(0) + ¢(o7 +x7) + o(d?) (15)
h = h(0) + $o? +o(c?), (16)

Equation (15) illustrates how the average frequency of price adjustment depends on the first and
second moments of the price gap distribution in period t. The frequency varies positively with the
variance of price gaps. The intuition is the following. In normal times, when aggregate shocks
are small, the distribution of price gaps is close to the steady-state distribution (x; = 0). During
these periods, most firms sit in the flat part of their hazard function (the bottom of the parabola),
so the average adjustment frequency is low and stable. By contrast, a large aggregate shock—say,
a surge in energy prices—raises firms’ optimal prices (and therefore their price gap) in a correlated
way. Since firms’ hazards are convex, this effect is nonlinear and captured by x?. The steepness of

the generalized hazard function (GHF), ¢, governs this effect.

3.2 The odd approximation of inflation

We are now ready to illustrate the core result of the paper: under the quadratic approximation of
the hazard, aggregate inflation collapses to a projection onto low-order moments of the price-gap
distribution. The projection is an odd function of the history of the average price gap. Before
stating it formally, we walk through the steps that deliver this result.

Start from the definition of aggregate inflation in Equation (7), 7, = f h:(x) - x dF(x).

Applying Proposition 1, we substitute the quadratic approximation of the firm-level hazard into

8The quadratic hazard requires h;(x) twice-differentiable in the gap, which Assumption 5 imposes through a
continuous density for G at the origin. Models with fixed (non-random) menu-cost (Golosov and Lucas 2007; Nakamura
and Steinsson 2008) and the Calvo-plus of Nakamura and Steinsson (2010) violate this assumption, as G places a point
mass at the menu cost. Their hazard is flat around the reset point, so G’(0) = 0 and ¢ = 0, and adjustment happens at
the Ss bounds. The quadratic approximation can nevertheless be applied to them through a smooth hazard estimated
on their simulated aggregate behavior (Caballero and Engel 2007).
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the integral and distribute the product to obtain:
= / [h(O) + gbxz] x dF;(x) + o(crf)
= h(0) / xdFi(x) + ¢ / x> dF; (x) + o(af)
=h(0)x; + ¢ / x> dF; (x) + 0(0?),

where the last line uses the definition of the average gap, x; = f x dF;(x). By the moment
expansion identity, we decompose the non-central third moment into its mean, variance, and
(non-standardized) skewness, f x3dF;(x) = x? + 3 x; atz + ;. In the next theorem, we substitute
and collect terms, obtaining inflation as a projection onto the first three moments of the price-gap

distribution alone.

Theorem 1 (Odd approximation of inflation). In a stationary environment, inflation satisfies:

mr = (h(0) +3¢07) x; + ¢ (x) + Y1) +0(07})

= hxy  + (h—-h)x; + 2pc’xi + ¢y +o0(o) (17)
[ —
“Calvo term”  Extensive margin Selection
Let x' := (xq, ..., x;) be the history of the mean gap up to time t. For every admissible x', inflation is
an odd function:

ﬂ't[ - xt] = —TJly [xt] .

Proof. See Appendix C.3. O

The second line of Equation (17) shows that, like the general formula in Equation (7), the odd
approximation decomposes inflation into a Calvo term, an extensive margin, and a selection effect
capturing the cross-sectional covariance between hazards and gaps, Covg, (h(x),x) = 2¢o? x; +

¢ ;. The last two are zero when the frequency does not move (¢ = 0).

Ilustration with constant variance and skewness. To illustrate the key intuition behind
Theorem 1, consider the simple case where the variance and skewness of the price gap distribution
are held constant at their steady state values. Under this simplification, the aggregate frequency

of price adjustment is given by a quadratic polynomial in the average (i.e., aggregate) price gap:

T 2
h: ~ h+az xj,
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Figure 1: An odd approximation of inflation

e A
State-dependent

Time-dependent - - - 2>~ g

Notes. The solid line plots the odd approximation of inflation from Theorem 1, under the simplifying assumption of constant variance
and skewness, f1x; + f3x>. The dashed line plots the time-dependent (Calvo) model, in which inflation is linear in the price gap with
slope equal to the steady-state adjustment frequency, hx;.

and Equation (17) provides a characterization of aggregate inflation as a cubic (odd) polynomial in
the average price gap:

7 = P1X; +ﬁ3x,§,

with coefficients f; = h(0) + 3¢oZ and a; = f3 = ¢.

The intuition behind the cubic term is straightforward: inflation is frequency times the gap
and substituting the quadratic approximation for the frequency turns it into a cubic polynomial.
In Figure 1, both schedules are approximately linear for small aggregate disturbances, with slopes
that differ by the steady-state selection wedge, f; — h = 2¢0?. The odd approximation (solid line)
then bends away from the time-dependent Calvo benchmark (dashed line) as |x;| grows under
large shocks. This nonlinearity, driven by the endogenous response of adjustment frequency
and selection, mirrors the evidence documented in the microdata by Gagliardone et al. (2026): an
S-shaped relationship between price gaps and price changes, with a linear “Calvo region” at small
gaps and a tail region where nonlinearities activate. It is also consistent with the near-equivalence
between state-dependent and time-dependent pricing for small shocks established by Gertler and

Leahy (2008), Alvarez et al. (2017), and Auclert et al. (2024).
3.3 The recursive general equilibrium of the approximate model:
a finite state-space representation

Leveraging the odd approximation in Theorem 1, we now show how to characterize the general
equilibrium of an economy with state-dependent pricing in recursive form and with a finite

state-space representation that depends on aggregate variables only and can be recovered with
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Figure 2: Dynamic effect of aggregate shocks on price gap distribution’s location and shape

Aggregate shock Adjustments
—> A%

h(x:(f))

h(x:(f))

s,
=

<

A

>
>

® Xt AR Xt

Y

Notes. Dynamic effect of an aggregate shock of size § > 0 on the distribution of price gaps. The U-shaped black curve is the hazard
rate h(x;(f)). Left panel: on impact, the distribution shifts right by § with its shape unchanged (og = 012, Yo = ¥1). Right panel:
within the period, adjusting firms reset their price gap to zero, while non-adjusters carry the right tail forward, so the mean price gap
falls (x1 4+ |) and skewness rises (/1 + T), as does the variance (012) + 1) when the shock is large relative to the dispersion of price gaps.

standard solution methods for recursive models (e.g., Dynare).

Firm-level recursions and aggregation. We first write Equation (6) in recursive form:

A PE(F) = P2 + B B { (1= hesa () Ava () P (D). (18)

M) =1+ BB (1= et (D) A (N}, (19)

where A;(f) is the firm-specific effective discount factor (the denominator of Equation (6)).
We then aggregate the firm-level reset-price recursions in Equations (18)-(19) across firms,

obtaining the following aggregate recursions, derived in Appendix B:

Apl =p;+p Et{(l — 1) Apsa P + :Ll}, (20)

Ar=1+p Et{(l_hHl)AHl}- (21)

Equations (18)—(19) are products of firm-level objects, so aggregation leaves a residual, C, :=
Cov ((1 = her1 (f)Ars1 (f), pl, (f)): the covariance between a firm’s effective discounting and its

own reset price. It captures how the pricing behavior of the cohort of firms that has just reset—how

often it will adjust again, and where it resets when it does—differs from that of the average firm.”

Let W(v) := (1 = h(v))A(v) denote the product evaluated at price gap v, where A(v) is the stationary solution
of the firm-level recursion (19). The relevant gap is the one a firm that resets at ¢ faces at ¢ + 1: the change in the
aggregate reset price plus its new idiosyncratic increment, v = p¥, | — p; + €x41(f). Up to third-order precision, C%; =
J (b}, = pF) +o(n?), with ] := W (0) 6% (Proposition 3 in Appendix B).
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Transitional dynamics of higher-order moments. In Section 3.2 we illustrated the odd
approximation under the simplifying assumption that the higher-order moments of the price gap
distribution—variance and skewness—remain constant under aggregate displacements. In fact,
aggregate disturbances not only shift the distribution of price gaps but also affect their shape over
time. As we show in Appendix B (Propositions 4 and 5), variance and skewness evolve with the

aggregate displacement as:

oty — 0 = (1= h(0)) (07 = a5) +h(0) (1 = h(0)) x (22)
Yre1 — Yo = (1= h(0)) (¥ — Yo) + 3h(0) (1 = h(0)) x; o7 + h(0)(1 — h(0))(2h(0) — 1) x}.  (23)

where ) = 0 under a symmetric price gap distribution. As the shock is absorbed, the mean,
variance, and skewness return to their values in the stochastic steady state.

To illustrate, consider the economy in steady state, hit by a positive aggregate shock of size
6. On impact (t = 1), the shock shifts the price-gap distribution from Fy to F; by § = x; — x¢. This
translation preserves the distribution’s shape, leaving both its variance and skewness unaffected:
o2 = 0% and |y = 1 (Figure 2, left panel). Within the period, firms that adjust pile up at a zero gap,
which creates a mass point below the displaced mean. Firms that do not adjust carry the right tail
forward. As a result, the mean price gap, after firms adjustments, falls (x; + |) while skewness rises
(¥1+ T). The mass point has two opposite effects on the variance. It compresses the distribution,
but it also separates adjusters from non-adjusters, who remain around the displaced mean. The
second effect grows with the square of the displacement, so when the displacement is large relative
to the dispersion in the stochastic steady state, crlz’ , also increases (Figure 2, right panel)."

These effects persist over time. Each period starts from the variance and skewness left by

the previous period’s adjustment, so the distortion carries over and decays only gradually.

Recursive general equilibrium. The following proposition collects the system of equations

that characterizes the general equilibrium of the approximate state-dependent model.

Proposition 2 (Recursive general equilibrium). The approximate state-dependent model
is characterized by the following system of recursive equations in the endogenous variables
{ye, i, 1o, P, DT, PPy Xty e, By, Ay, O'tz, Ui}, the exogenous states {u;, a;, 1, by}, and their

innovations {0, @y, Gty 1 }:

10The post-adjustment variance is crf+ = (1 - h(0)) af + h(0)(1 - h(0)) xf, which exceeds Jf if and only if |x1| >
01/+4/1 — h(0). For smaller shocks, compression dominates and the variance falls.
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B Xt = pf = pra1 (NK-1)

Pt =T+ pr (NK-2)

pr=1-E) | p+G+@)y—(A+o)ar+u | +ps (NK-3)

. mr = (h(0) + 3¢ o2) x; + ¢ (x] + i) (NK-4)
;éﬁ h = h(0) + ¢ (o7 +x7) (NK-5)
E A pf =0+ BEA(L = hest) Ap pliy +Cliy } (NK-6)
A =1+ B E{(1 = b)) Apa} (NK-7)

02— ot = (1= h(0)) (07 = 03) + h(0) (1 — h(0)) x? (NK-8)

Yre1 = (1= h(0)) Y + 3h(0) (1 — h(0)) x¢ o7 + h(0)(1 — h(0))(2h(0) — 1) x] (NK-9)

» B yr = Be{yrn} =y (re +In ) + by — Er{brs1} (NK-10)
32 ip=—Inf+¢,m+1 (NK-11)
§ ry =iy — Be{mp1} (NK-12)
B U = pu i1 + 01 (NK-13)

P ar = Pg ar—1+ Wy (NK-14)
ﬁg It =P li—1+ Gt (NK-15)
by = ppbry+ % (NK-16)

Equations (NK-1)-(NK-9) capture the pricing block of the approximate model. Equations (NK-1)
and (NK-2) define the aggregate price gap (Equation (4)) and the price level (Equation (7)).
Equation (NK-3) is the aggregate counterpart of the static target price (Equation (3)), derived using
the household’s labor-supply condition and market clearing. Equations (NK-4) and (NK-5) are the
projection of inflation and of the average frequency of price adjustment onto the moments of the
price-gap distribution (Equations (17) and (15)). Equations (NK-6) and (NK-7) are the aggregate
reset-price and continuation-value recursions (Equations (20) and (21)). Equations (NK-8)
and (NK-9) are the recursive laws of motion of the pre-adjustment variance and skewness
(Equations (22) and (23)), closing the system: they pin down o7 and 1/;, which Equations (NK-4)
and (NK-5) take as states.

Equations (NK-10)-(NK-12) constitute a standard New-Keynesian demand block. Recall
that, for simplicity, we log-linearize this block to focus on inflation dynamics as the sole source of

nonlinearities. Equations (NK-13)-(NK-16) are the dynamics of the shock processes.
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Note that the Calvo model is the zero-curvature case ¢ = 0: Equations (NK-4) and (NK-5)
then collapse to 7; = h(0) x; and h; = h(0), and o7, y; drop out of the pricing block entirely even
though they continue to evolve; the block then reduces to the textbook New Keynesian model with
a constant frequency of price adjustment.

The odd approximation in Theorem 1 and the recursive general equilibrium representation
address the three challenges to solving state-dependent pricing models globally raised in
Section 2.3. Together they deliver a finite state-space representation of inflation, with x;, o7 and
¥y standing in for the whole price gap distribution F;—a reduction that preserves all the economic
forces of state-dependent pricing. This state-space reduction follows the spirit of the approach in
Krusell and Smith (1998). Unlike theirs, the mapping from cross-sectional moments to aggregates
is in closed form and third-order accurate—second-order for the frequency—rather than guessed
and verified numerically. Conceptually, the reduction also narrows the informational burden that
rational expectations imposes on agents (Moll 2025): firms need only form correct beliefs about

the three moments and their law of motion rather than information on their full distributions.

The nonlinear impulse-response functions. We now study the effects of aggregate shocks
(e.g., cost-push, monetary, or TFP shocks) within our framework. Building on the representation
in Theorem 1 and accounting for the endogenous dynamics of the price-gap distribution’s location
and shape, the following theorem characterizes the impulse responses of aggregate frequency of
price adjustment and inflation to an aggregate shock as, respectively, an even (quadratic) and an

odd (cubic) polynomial in the average price gap with deterministic coefficients.

Theorem 2 (Nonlinear impulse response functions). Consider an unanticipated aggregate shock of
size xo = 0. Let the first-order response of the aggregate gap be x;41 = Ax; + 0(J) for some A # 0.
The impulse response functions of the average frequency of price adjustment and aggregate

inflation t > 0 periods after the shock are, to second and third order in 6, given by:
hy = h+ oz x% + 0(85%), (24)

7 = Prexe + ﬁ3,tx? + 0(53)- (25)

Denoting by h = h(0), H = 1 — h(0), the coefficients of the polynomials (the slopes) are:

t t
e CR R EEt R

L, 3k (E)f_1 L SHH (5)(2) +h_H(2h_1_%_H) (5)21
H-2A2 A2 (H-22)(1-2) A3 A2 H-A3 H- )2 A3 ’

provided that the coefficients are finite.

axt = 915

B =¢
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Proof. See Appendix C.4. O

Formally, Theorem 2 follows from substituting the dynamics of variance and skewness as functions
of the average price gap (Equations (22) and (23)) into the projection of inflation onto these
variables (Equation (17)). As in the case of constant higher-order moments illustrated in Figure 1,
Theorem 2 shows that the IRF of inflation is also an odd polynomial in the average price gap
induced by the aggregate shock. In this case, however, the time-variation in the coefficients
accounts for the response of higher-order moments of the price gap distribution along the shock’s
transition path, yielding an approximation that achieves third-order precision (second-order for
the frequency).!!

Importantly, the coefficients of the polynomial approximation are closed-form functions of
the steady-state pricing primitives (¢, h(0), 62). They also depend on the equilibrium persistence
of the average price gap, A, an endogenous object pinned down, as a fixed point, by the general

equilibrium of the model.'?

Neither input depends on the size of the aggregate displacement &, so
the coeflicients can be calibrated or estimated independently of the magnitude of the shock used

to identify them.

4 Transitional dynamics: global vs. approximate models

We now ask whether the approximation reproduces the transitional dynamics of the
state-dependent economy. We consider two variants: the odd approximation of the previous
section, and a “poor man’s” alternative of the odd approximation featuring constant coefficients.
The first derives its coefficients from the model’s primitives. The second is a simplification that
ignores movements in the higher-order moments of the price gap distribution. A log-linearized
Calvo model serves as a benchmark, calibrated to the same average frequency of price adjustment
and flat hazard (¢ = 0), to compare the transitional dynamics of the global and approximate models

across shocks of very different size.

UThese orders refer to the joint limit of Assumption 4c, in which aggregate shocks and the dispersion of price gaps
shrink together. Section 4 assesses the accuracy of the approximation at a given calibration in response to aggregate
shocks of various magnitudes.

12The fixed point can be computed numerically, as we do in our code: A is the decay rate of the first-order impulse
response of x;, which we obtain from the solution of the log-linearized model. When that response is not geometric,
Theorem 3 in Appendix C.4 gives the coefficients for any first-order path x; = d;8 + 0(5), of which Theorem 2 is the
case d; = AL
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4.1 Calibration

The general-equilibrium block features log utility (y = 1), a unit inverse Frisch elasticity (¢ = 1),
an elasticity of substitution across varieties § = 6, a quarterly discount factor f = 0.96'/%, and
constant returns to scale in production, which under the constant-elasticity demand system sets
= = 0. The Taylor coefficient is ¢, = 1.5, a balanced policy stance under which the aggregate price
gap moves enough for the cubic term to be quantitatively relevant. The cost-push shock is the only

disturbance active in this exercise, and follows an AR(1) process with persistence p, = 0.5.
The calibration of the parameters governing the price block varies across models:

The global model—For the global menu-cost model, we calibrate the three parameters of the price
block to replicate conventional features of the micro-level distribution of price changes—frequency
and size—in the US. Menu costs are drawn from a uniform distribution with upper bound y™** =
0.346. We set the idiosyncratic dispersion to o, = 0.058 and the free-adjustment probability to
h(0) = 0.15. This calibration delivers a quarterly frequency of price adjustment of 0.250, at the
lower end of the 0.25-0.31 range in the US micro data, a standard deviation of price changes of 11.6

percent, and implies that about forty percent of adjustments are driven by the menu cost rather

than by a free opportunity.

The odd approximation—We calibrate the odd approximation directly to the primitives that
govern firms’ pricing in the global solution: the free-adjustment probability h(0), the curvature
of the hazard function at the optimum ¢, and the stochastic variance of the price gap of. Only
h(0) is a parameter we set, at the same value used to calibrate the global model; ¢ = 15.580
and 2 = 0.007421 are computed numerically from the global model’s stochastic steady-state
distribution. Given the three, the variance o7 and the skewness ¢/; evolve along the transition
according to Equations (22) and (23), so the mapping from the average price gap to inflation and to
the adjustment frequency changes as the economy moves away from the stochastic steady-state.
No moment of the global model’s impulse responses enters this calibration, so Figure 3 compares

the global solution with a prediction of the approximation rather than with a fit to it.

A poor man’s simplification—As discussed in Section 3.2, if we ignore the response of the
variance and skewness to an aggregate disturbance, the frequency and inflation simplify to second-

and third-order polynomials with constant coefficients, respectively. Under this simplification, the
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pricing block of Proposition 2 reduces to:

Xt =p; — pr-1 (NK’-1)
Pt =7+ pr1 (NK’-2)
pr=0-B)|p+G+y-Q+p) a+u|+p (NK’-3)
= P1x; + ﬁgX? (NK’-4)
hy = h+ apx? (NK’-5)
A pf = pf + BB = b)) A pfyy + Cly ) (NK’-6)
Ar =1+ B E{(1 = hp1) A} (NK’-7)

Borrowing from Jarociriski and Karadi (2020), we dub the constant-coefficient system the poor
man’s simplification. While this restriction does not capture the dynamics of the higher-order
moments implied by the moment recursions, it is computationally lighter and easier to implement.
It also allows {P_z, as, P1, B3} to be calibrated or estimated more flexibly, without taking a stance
on the primitives that discipline the pricing problem. Leveraging this flexibility, we calibrate
the coefficients directly to the transitional dynamics produced by the global model: we set the
steady-state frequency h to the global model’s own, and the remaining coefficients are chosen
to match the global model’s impulse responses of inflation, output, and the frequency of price

adjustment to cost-push shocks of different sizes (the same magnitudes the panel below displays).'

4.2 Comparison of transitional dynamics

We recover all models’ impulse-response functions as deterministic perfect-foresight problems
for a single unanticipated cost-push shock, so that all sets of responses are computed on an
identical footing. Figure 3 reports the impulse responses of the four models to one-time,
unanticipated cost-push shocks of ug = {1, 3,9} percent. As a benchmark, we compute the same
transitional dynamics for a log-linearized Calvo model. In our framework the Calvo economy is the
approximate model with zero hazard curvature: the cubic and the state-dependent frequency terms
vanish, leaving a linear Phillips curve and a constant frequency of adjustment. We set that constant
frequency equal to the menu-cost model’s, so that the state- and time-dependent economies share
the same frequency of price adjustment in the absence of aggregate disturbances.

As the shock grows, the menu-cost response becomes nonlinear (black solid lines), while

3The fit minimizes the sum, over inflation, output, and the adjustment frequency with equal weights, of squared
deviations from the global model’s paths over the first twelve quarters, each path normalized by its root mean square,
averaged across the three shock sizes.
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Figure 3: Impulse responses of the NK model to cost-push shocks of varying sizes
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Notes. Impulse-response functions of inflation (i), the average frequency of price adjustment (h), real output (y), and the nominal
interest rate (i) in the New Keynesian model to (quarterly) cost-push shocks of different magnitudes ({1,3,9} percent) under the
interest-rate rule ¢, = 1.5. Black solid lines are the globally solved menu-cost model, green dash-dotted lines the odd approximation,
blue dashed lines the poor man’s simplification, and red dotted lines the Calvo benchmark.

the Calvo response remains proportional by construction (red dotted lines). The nonlinearity is
clearest on the extensive margin. Each tripling of the shock, from one to three and from three to

nine percent, raises the impact response of the adjustment frequency about ninefold: the frequency
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responds to the square of the shock, not to its size. Large shocks push firms into regions of the
price-gap distribution where the hazard function is steep, a channel absent from the Calvo model,
in which the frequency does not move. Inflation and output inherit this convexity.

Figure 3 shows that both the odd approximation (green dash-dotted lines) and its poor man’s
simplification (blue dashed lines) track the global solution closely at all three magnitudes. The
accuracy across shock sizes is the counterpart of the IRFs shock-size invariance property discussed
in Section 4 (Theorem 2). For small shocks the average price gap is small and the cubic term
is negligible relative to the linear one, so inflation is effectively linear in the gap, as in Calvo.
For large shocks the cubic term becomes quantitatively relevant, and the odd approximation still
reproduces the global solution’s impact response, including the faster price-level pass-through
that an endogenously higher adjustment frequency delivers. Its frequency response, however,
decays more slowly than the global model’s after very large aggregate shocks. This is due to
the dynamic response of the variance of price gaps, which—at our calibration—displays stickier
dynamics compared to the global model as it reverts to its steady-state value at a fixed rate.!*

The poor man’s simplification (blue dashed lines) matches the global model almost exactly.
This results from its calibration, which chooses the three coefficients to match the global model’s
impulse responses, so its transition path is a fit. The fitted coefficients absorb whatever error
the constant-coefficient restriction creates along the transition, including the movement in the
variance and the skewness that the restriction rules out. We ask something much more demanding
of the odd approximation. Its coefficients come from the global model’s steady-state primitives

alone. Its transition path is therefore a prediction.

5 Historical decomposition of US and EA data

We now bring the model to US and euro-area data. We estimate the pricing block using observable
moments, solve the model to third order, and employ a nonlinear smoother to recover structural
shocks that rationalize the data through the lens of the model. We show that the recovered shocks
provide an economically plausible account of inflation dynamics in both normal times and during
large aggregate disturbances. The model also reproduces the observed timing of the increase in

the adjustment frequency during the 2021-22 surge, while leaving that frequency broadly stable

14The global model’s adjustment frequency returns to its steady state within five quarters, while the odd
approximation’s tail persists for many more quarters, at the rate (1 — h(0)) implied by the variance recursion (22)
once the price gap itself has decayed. The variance reverts at this fixed rate regardless of the path x; actually took, so
once the gap has died down the odd approximation’s tail is pinned by a single calibrated constant. The global model’s
selection dynamics, by contrast, are not bound to any fixed rate and can clear faster/slower depending on the location
of the distribution. Cumulated over the first fifteen quarters, the odd approximation’s frequency response is more than
fifty percent larger than the global model’s.
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in normal times. Relative to the standard order-1 Kalman smoother applied to the linearized
version of the same model, the nonlinear procedure recovers shocks that are highly correlated
with, and comparable in magnitude to, those obtained from the linear model. However, it attributes
less of the inflation surge to exogenous cost-push shocks—a cost-push compression—because
nonlinearities embedded in the pricing block endogenously amplify inflation through frequency

and selection, especially after large shocks.

5.1 Data, parametrization, and model solution

Data. We require the model to match three quarterly observables for 2000Q1-2025Q1:
year-over-year inflation, year-over-year real output growth, and the short-term policy rate. For
the US these are CPI inflation, real GDP growth, and the effective federal funds rate, respectively.
For the euro area, they are HICP inflation, real GDP growth, and the overnight interbank rate.
We demean the three observables and take a perturbation around the model’s zero-inflation-gap
steady state. At the effective lower bound, the policy rate stays at its floor whatever the policy
stance, so we treat it as missing in those quarters (Appendix D).

In addition, we use data on the frequency of price adjustment, based on regular, non-sale
prices consistent with the model’s adjustment hazard, to discipline the nonlinear parameters of
the pricing block and validate the model-implied frequency path externally. For the United States,
we use the expenditure-weighted median frequency from Cotton and Garga (2026), smoothed by a
twelve-month trailing average. For the euro area, the expenditure-weighted mean frequency from
Gautier et al. (2026).

The US frequency series appears to be less informative about the surge than the euro-area
one. It is available only as a twelve-month trailing average, which smooths and delays the peak,
and its pandemic-era level is likely influenced by sampling noise and a shift in the sample toward
online retailers. At the height of the surge, the US frequency rose above 0.5, against a peak of
about 0.32 in the euro area. That level exceeds even the US peak of the 1970s, when inflation was
much higher. We account for these features in the estimation, by targeting a quarterly peak with
an uncertainty band, and in the validation, by applying the same trailing average to the model

(Figure 5, panel c). The US estimates are correspondingly less precise than those of the euro area.

Calibration and estimation. We calibrate the general-equilibrium and policy blocks to
conventional values, reported in the top panel of Table 1: log utility (y = 1), an inverse Frisch
elasticity ¢ = 2, a quarterly discount factor f = 0.99, and a Taylor rule with ¢, = 1.50.

The pricing block has four primitives: the free-adjustment probability h(0), the curvature of

the hazard function ¢, the variance of price gaps in the stochastic steady state o2, and the loading
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on competitors’ prices =. We calibrate oy = 0.026 (Gagliardone et al. 2026), assume constant
returns to scale at the firm level, and calibrate strategic complementarities as in Gagliardone et al.
(2026), yielding a target loading on competitors’ prices = = 0.50. We then estimate h(0) and ¢
by the simulated method of moments (SMM), matching two aggregate time-series moments: (i)
the frequency of price adjustment before the pandemic (its 2010Q1-2019Q4 mean); and (ii) the
peak frequency during the 2021-22 surge. Given o}, the pre-pandemic frequency ties h(0) to ¢,
and the surge peak pins down ¢. (Appendix D further describes the estimation procedure and
inference.) For the euro area, we target the peak of the seasonally adjusted series, h* = 0.316.
Mindful of possible measurement issues described above, we adopt a conservative target for the
United States, h* = 0.35, which errs toward a lower state dependence.

Each evaluation of the SMM objective consists of two steps. In the first step, given a
candidate for h(0) and ¢, we linearize the model and estimate the parameters that control the
persistence and measurement-error variances of the cost-push, monetary, and demand shocks
by Kalman maximum a posteriori (MAP). The Kalman filter delivers the likelihood, which we
combine with the priors reported in Table A.1, and we use the posterior mode. The prior on the
persistence of the cost-push shock is tight, and we fix the persistence of the monetary shock,
for the reasons discussed below. This step is repeated at every candidate because the first-order
slope of the Phillips curve, h(0) + 3¢ a7, moves with both estimated primitives. In the second step,
given the candidate primitives and the estimated shock parameters, we solve the approximate
state-dependent model at third order. Finally, we run the particle smoother and compute the model
counterparts of the two frequency moments from the smoothed frequency path, E[h; | Y1.r]. Note
that, at first order, the frequency is constant at 4. So we compute the frequency moments from the

third-order solution, which also carries the cubic terms of inflation.

Results. Table 1 summarizes the calibrated and estimated parameters for both economies. The
estimated measurement-error standard deviations are reported in Table A.1. The persistence of
the monetary shock requires separate treatment. In the simple three-equation New Keynesian
model, a persistent monetary innovation generates an anticipated path of future interest rates
that has implausibly large effects on current activity—the well-known forward-guidance puzzle
(Del Negro et al. 2023; McKay et al. 2016). As a result, the likelihood pushes the estimated
persistence toward the upper bound of its admissible range. We therefore fix p, = 0.20 for the
United States and 0.30 for the euro area, values that generate economically plausible responses to

monetary shocks.!> We discipline the persistence of the cost-push shock, p,, with a tight prior

SRaising the admissible upper bound for p, simply pulls the free optimum toward the new edge, which is a
manifestation of the same non-identification pattern documented by Carrillo et al. (2007).
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Table 1: Model parameters

usS Euro area

General-equilibrium block

Risk aversion Y 1.00 1.00
Inverse Frisch elasticity @ 2.00 2.00
Discount factor B 0.99 0.99
Taylor rule, inflation coefficient dr 1.50 1.50
Shock processes
Cost-push shock SD Op 0.024 0.028
Monetary shock SD o 0.007 0.006
Demand shock SD Oy 0.014 0.019
Cost-push persistence Pu 0.820 0.779
Monetary persistence P 0.200 0.300
Demand persistence Pb 0.457 0.407
ME SD, inflation obs. (pp) ome 0.24 0.21
ME SD, output obs. (pp) og"; 0.54 0.67
ME SD, rate obs. (pp) afne 0.32 0.31
Pricing primitives
Strategic complementarity = 0.50 0.50
SD of the price gap 0o 0.026 0.026
Free-adjustment probability h(0)  0.202 (0.046)  0.199 (0.007)
Curvature of the hazard function ¢ 81.0 (53.5) 21.4 (4.6)

Notes. Model parameters. The shock-process parameters are order-1 posterior modes at the estimated pricing primitives (Table A.1).
The pricing primitives h(0) and ¢ are estimated by SMM, and E and oy are calibrated, as described in Section 5.1. Numbers in
parentheses are standard errors: the sandwich covariance of the exactly identified SMM estimator, plus simulation error, mapped into
h(0) and ¢ by the delta method. The covariance of the data moments uses a Newey-West (HAC) estimator for the pre-pandemic mean
frequency and, for the surge peak, the uncertainty of the target and of the frequency in the peak quarter. Standard errors condition
on oy and on the observed macro history (Appendix D).

centered at 0.70 (Appendix D).

Moving to the pricing block, the euro area has a lower steady-state adjustment frequency
than the United States (h = 0.213 against 0.257, with standard errors of 0.005 and 0.012).
The difference comes from the curvature of the hazard function, while the free-adjustment
probabilities are almost the same. In both economies, the surge peak points to a sizable curvature,
which triggers nonlinearities during large-displacement episodes. The steady-state frequency is
estimated precisely in both economies. The curvature is estimated precisely in the euro area and
less so in the United States. As explained above, the uncertainty about the US frequency adds

sampling uncertainty and contributes to generating larger standard errors for ¢.

5.2 Historical shock decomposition

Model solution and shock recovery. At the estimated parameters, we perform historical

shock decomposition exercises that recover two sets of structural innovations: one through the
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lens of our odd approximation of the state-dependent pricing model and one through the lens of
a time-dependent Calvo model. Both solutions are perturbations around the deterministic steady
state, condition on the same sample, and use the same initial-state distribution. They differ in
that the former filters the third-order solution of the model, while the latter filters its first-order
approximation. Their comparison therefore isolates the role of the state-dependent pricing block
in shock recovery and propagation.

At third order, frequency and selection enter the decision rules through quadratic and cubic
terms, and the filtering distribution is no longer Gaussian. We use a tempered particle filter with
N = 50,000 particles, average the results across n = 8 independent seeds (Fernandez-Villaverde
and Rubio-Ramirez 2007; Herbst and Schorfheide 2019), and apply a fixed-lag particle smoother
in the spirit of Olsson et al. (2008).!® The smoothed innovations are then propagated through the
third-order decision rules. At first order, the model is linear and Gaussian, so we use a standard
Kalman filter and smoother with diffuse initialization for the unit root in the price level (An and

Schorfheide 2007; Durbin and Koopman 2012).

Linear and nonlinear shock histories. Figure 4 presents the time-domain decomposition
of inflation, output growth, and the policy rate (third-order smoother’s fitted paths) and the
contributions of different shocks. Despite its simplicity, the nonlinear model recovers a sensible
historical decomposition and reading of the 2021-22 inflation surge (Gagliardone and Gertler
2026; Hazell and Hobler 2025). In the United States, demand shocks, amplified by monetary
accommodation, explain most of the surge; in the euro area, cost-push shocks also contribute
substantially. Demand shocks, partly offset by reverting cost-push shocks, explain its persistence.

The comparison with the order-1 solution and its recovered shocks provides a useful
benchmark for evaluating where the nonlinear model changes the economic interpretation of the
data, and a sanity check for the odd approximation.!” The first-order terms of the decision rule are
the same in the first-order and third-order model (Schmitt-Grohé and Uribe 2004), so for most of
the sample, when shocks and price gaps are small, the two filters should recover almost the same
shocks. Indeed, the first-order Kalman smoother and the nonlinear particle filter recover a broadly
similar history of shocks: the cost-push, monetary, and demand series are strongly correlated with
those recovered by the order-3 smoother (0.79, 0.88, 0.89 in the United States; 0.74, 0.79, 0.89 in
the euro area) and have comparable dispersion, with standard-deviation ratios to the order-3 series

between 0.84 and 1.07.

16The particle filter infers states and shocks; it is not used to evaluate a likelihood for the primitives, which are
estimated by matching moments. As a diagnostic, its seed-averaged log-likelihood is —467.1 in the United States and
—466.0 in the euro area.

7Figure A.1 in Appendix D reports the historical decomposition implied by the first-order Kalman smoother.
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Table 2: Shocks’ contribution to inflation surge: order-1 vs. order-3 smoother

US (CPI), 2021Q1-2023Q1 Euro area (HICP), 2021Q3-2023Q1
Kalman sm.  PF sm. A Kalman sm.  PF sm. A
(order 1) (order 3) (order 1) (order 3)

Cost-push 48.2% 6.6% —41.6 +12.6 60.9% 22.0% —38.8+4.4
Monetary 20.9% 21.5% +0.5+10.5 8.0% 9.9% +1.9+3.1
Demand 29.6% 58.9% +29.3 +16.2 30.5% 48.5% +18.0+4.0
Joint interaction 0.0% 11.5% +11.5+5.0 0.0% 17.7% +17.7 +1.6
Data minus joint 1.2% 1.5% +0.3+1.1 0.7% 1.9% +1.2+18

Notes. Share of the surge in observed year-over-year inflation attributed to each component over the surge window W shaded in
Figure 4: S(k) = X ew contribg (2) /Y sew ntobs, where ﬂ;’bs is inflation in deviation from its 2000-25 mean and contriby is the
path of inflation when only shock k is fed through the decision rule of the model that recovered it: order 1 for the Kalman-smoothed
innovations and order 3 for the particle-smoothed ones. Particle-smoother entries are means across seeds; + values are cross-seed
standard deviations. The A column, their difference, measures the move from the linear to the nonlinear model. The row “Joint
interaction” measures the part of the path generated by all three shocks together that no single shock accounts for (zero under the
order-1 rule). The row “Data minus joint” measures the gap between observed inflation and that path. The five shares sum to 100%.

Cost-push compression. The two smoothers, however, distribute inflation differently across
shocks when large aggregate displacements occur. Fed through the order-3 decision rule, the
shocks recovered by the linear smoother overshoot the recent 2021-22 inflation surge, by 39% in
the United States and 70% in the euro area. This is because the nonlinear model amplifies large
impulses, so it needs a smaller cost-push shock and attributes more of the surge to demand.

Table 2 reports the share of surge inflation attributed to different shocks by the first-order
Kalman smoother and the third-order particle smoother, with each smoother’s shocks fed through
the decision rule of its own model.'® The difference measures how the relative importance of
different structural shocks moves from the linear to the nonlinear model. The cost-push share
falls from 48.2 to 6.6 percent (—41.6 percentage points) in the United States and from 60.9 to 22.0
(—38.8 percentage points) in the euro area. While the monetary shares are essentially unchanged,
demand absorbs about 70 percent of the cost-push decline in the United States and almost half in
the euro area. The joint interaction of the shocks absorbs most of the rest.

When the economy is hit by large shocks, adjustment frequency and selection steepen
the response of inflation to a given cost-push shock; the model consequently needs a smaller
exogenous cost-push disturbance to match the observed surge. In other words, the linear model

needs to resort to exogenous shocks to capture what is instead endogenous amplification due to

18We attribute surge inflation to the shocks one shock at a time. Under a first-order solution, the single-shock paths
add up to the fitted series, so the residual is measurement error alone. At third order, shocks propagate through nonlinear
decision rules. This implies that the residual captures both interactions between shocks, which cannot be assigned to
any single disturbance, and the gap between the data and the path of inflation the model produces when all three
smoothed shocks are simultaneously fed through the order-3 decision rules (Appendix D).
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state-dependent pricing. The same mechanism explains the larger demand share. A given demand
shock raises inflation by more in a high-inflation environment, because more firms reprice and
those that do make larger price changes. Moreover, shocks that hit together widen price gaps
further, which is why their joint effect exceeds the sum of their separate effects. In the linear

model, by contrast, the effects of different shocks simply add up.

Inflation decomposition and the slope of the Phillips curve. Unlike the global model, the
odd approximation provides us with a closed-form decomposition of inflation into its forces. It
also gives us a sense of how the slope of the Phillips curve changes over the business cycle.

Applying Equation (17) to the smoothed moments of the price gap distribution, Panel a
of Figure 5 splits model-implied inflation into linear (Calvo), frequency, and selection terms.
This exercise highlights how, in normal times, the frequency term is small in both economies
and inflation is accounted for by the Calvo and selection terms. Selection matters even then,
particularly in the United States, through two terms that are linear in price gaps: the steady-state
selection wedge, 2¢o2x;, and the skewness ¢y that past gaps leave in the distribution. During the
2021-22 surge, the frequency and selection components widen sharply and together account for
about half of peak model-implied inflation in the US and about two-fifths in the euro area.

Panel b shows this mechanism through the lens of the (nonlinear) Phillips curve. It plots the
expected slope of the Phillips curve, h(0) +3¢(0? + x?), averaged over the smoothed cross-section
and across seeds (solid line), against its steady-state value, h(0) + 3¢0§ (dashed line).!® A linear
model with either economy’s steady-state slope captures inflation dynamics in normal times, when
cost-price dynamics are quasi-linear (Gagliardone et al. 2025), but misses the surge and attributes
too much of it to exogenous shocks, when state-dependence activates the cubic mechanism
(Gagliardone et al. 2026). Our estimates suggest that the slope of the Phillips curve rose by
about three-quarters in the United States and more than doubled in the euro area during the

post-pandemic surge, and nearly doubled in the United States after the global financial crisis.

Note that there is a wedge between the models’ Phillips curves which is present even at small shock scales. This
is because steady-state selection raises the menu-cost model’s linear Phillips-curve slope above the slope of a Calvo
model, even if the two are matched on the same average adjustment frequency (Theorem 1).

33



‘ueawr odures s31 wroxj uorjeIAdp ur papord st
SOLIAS OB 'SPads 1S9 oy} ss010k suonnqriuod Sun[nsal oy} d95eIaAe sreq Y} 3[NI UOISIAP ¢-IapIo 3y} ySnoiyy pajeSedord pass (yoea Jo SUOIJEAOUUI IQYIOOWS JI)[Y-d[or)red a3} d1e S)doys
9], 'SALIAS Py oY} pue elep Y} usamiaq ded oy sreq £o13-1yS1[ pue ‘SYI0Ys 9211} 3} JO UoTRIAIUI Jurtof oY} ore sreq o[ding 98Ins gz-1Z0g Y} SYTEUW pUR] PIPEYS [} SILIdS PIAIISO
a1 ST auI[ YO®[q Y} ‘sydoys (w213 ‘7q) puewep pue ‘(d8uero 71) Arejouowr (anyq ‘#n) ysnd-}s0d Jy} Jo SUOHNALIIUOD Y} I SIeq Payde]§ "(Un[od JyJLI) BaIL 0IND dY} pue (UWNJOD 33])
sae)g pajrup a3 J0j {(wojoq o3 doy) ager Lorjod a1} pue YImoi3 ndino reak-19A0-189A ‘UOTJR[JUT TEIA-IDA0-TRIA J0] SILIAS P S I9}00WIS JESUT[UOU JTf} JO UOHISOdWO009P [BITI0ISTH ‘SIION

Iogreng) Ioyrent)
Gc0c 0c0c q10e 0102 S00¢ 0002 Gc0c 0c0e §10C 0102 §00¢ 000¢
T T T T T T 0¢- T T T T T 1 0G-
g g
I 10 2 I {or- &
g g
0 =2 0 =%
g g
- qor % - 101 %
uorpoeour quior [ (q) puewo MM (‘1) Lovopy MM (“n) ysud-jso) I eyeq (A\ uorpoerojut juior M (Yg) puewo MM () Sovopy MM (*n) ysnd-jsop) M iR ,A(
1 1 1 1 1 Loz 1 1 1 1 1 oz
(1) ayex £or04
Gc0¢ 0202 G102 0102 G002 0002 Gc0e 020¢ §10g 0102 G002 0002
T T T T T m 0¢- m T T T T T 1 0¢C- m
E E
- 191~ % - 401~ %
2 g
=3 28
0 0 p
S 5
- 161 3 - q01 3
woroetoyut yuor [l (*q) puewoq M (1) Louo MM (n) ysnd-isop M eeq m..ﬂA uoryoeroqut juor [l (*q) puewoq Ml (“2) Sovoy M (‘) ysnd-jso) M ©eQ w”
1 1 1 1 1 1 Om M\ 1 1 1 1 1 1 ON M\
(forflV) Y3mo13 ndino reak-10A0-109%
G20¢ 0202 GT10% 0102 5002 0002 G¢0c 020c gT10g 0102 5002 0002
T T T T T T G- T T T T T 0T
0z 5
5] =
G By Y
B B
- Jor I =
k=] k=]
uoyperout juior MM (q) puewo MM ('2) Louopy MM ('n) ysud-jso) M eyeq = uorpoerojut juior WM (Yq) puewo MMM (') Souopy M ('n) ysnd-jso) MM eye(l =
1 1 1 1 1 et 1 1 1 1 1 ot

(fiofid) UOTIRJUI TRIA-IOAO-TRIX
Da4D o4ng $91v1S pajiur)

are1 Aorjod oy} pue ‘ndino ‘uorejur Jo uorIsoduodap JI0YS [edI03STH :F 2INT1]

34



"TOT00¢ UI S}Ie]S SALIas [9powt S 3} 0s ‘Aouanbaiy gn payjoows ) 0] uonINIISU0d dures ) Ajdde ap| 's1931enb 0] papunodwod pue ageroae urrern
yruow-2A7am] € se paystqnd (9z0z) esreo pue uojo) woij Aousnbaiy uerpaw paySrom-armyrpuadxa A[yjuowt ayj ST saL1ds oot 5N Y, *(q Xipuaddy) paisnipe A[reuoseas s saLas o1om
BaIR-0IND A, ‘Aouanbaij aje)s-Apeajs pajewr}sa ay) SI auI] pPaysep (9N]q) SILIdS OITW 3} ISUTRSE (SPIIs SSOIIR PUB( %G6—G ‘SPIIS SSOIJE UBAW ‘pal) parjdwr-1ayjoowrs ‘Juaunisnipe dotd jo
Aouanbayy A[1011enb 0 [oUR (paysep) anfea 21eIs-Apeals sit suregde (prjos) aaInd sdiyyq 2y Jo adofs 3y} :q [oue ‘uedw d[dures s3I wWoIJ UOIRIAIP Ul patjofd st uoneyu] ‘(L) uonenby jo
SULI9) UOT)09[as pue Aouanbaiy ‘oare) ayy ojur ‘pass auo 10j sded 9o11d Jo UOT93S-$5010 PIYIOOWS ¢-I9pI0 9y} wolj payndurod ‘uorjepyur [enuue parjdwi-[apour Jo uonIsOdwWoddp e [PUe ‘SIION

Iojreng) Iojreng)
G20e 020e G10C 0102 G00¢ oooHN.O Ge0g 020e G10¢ 0102 G00c ooommo
Jz0 @ 7
et 2
& &
1¢€0 2 =
2 3
N eje— 170 W B eye— 140 \/)74\
PPON—— PPON——
1 1 1 1 m.o 1 1 1 1 @O
DIDp 0401l “Sa Juauisnipp ao14d fo Louanbaif parjdwi-japopy 9 joung
Ioyrent) Iojrent)
6c0g 020z a102 0102 4002 000g 620g 020z G102 0102 400g 0002
T T T T o.o H T T T T NO H
x w
S| S]
@ @
L {z0 w 470 W
NV a a
- 170 E - 190 E
=8 =8
B 9ye)s Apeals ur O J 190 ns.h B aye)s Apeays ur O J 180 os.h.
adors DJ 21300 H S adors D oA139PH 5}
1 1 1 1 . d 1 1 1 1 . d
80 & 0T @
Apauijuou 'sa paui] 2dojs aa119affa s .aa.4nd sy Y| :q [oupg
Ioyrent) Iojrent)
Gc0¢ 02¢0¢ G10¢ 0102 §00¢ 0002 Gc0c 020g G10¢ 0102 G002 cooom.w

o
v

<

o

1
<
N

(e}
<t
(-aep dd) uoryegur renuuy
=
(=)
("aop dd) uorjeyur renuuy

Aouonboi,] G Aouonboi N
B UOT}29]9G 108 B UOT}2979G 107
0ATR)) OATeD
1 1 1 1 O . N H 1 1 1 1 o . w
Balk OAIly S9Je)S pottuf)

aduns ayy Surinp uoyvyfur paydui-japow fo uonisoduioda(J v jauvg

Kouanbaiy jusunsnlpe pue ‘9dofs aAINd-sdI[[TYJ 9A1I09Y2 ‘UoTHIsodurodap :sorureuAp uoneur parjdwr-[apoy :g ainsry

35



The frequency of price adjustment. The model reproduces the broad timing of the frequency
response (Panel c of Figure 5)—rising during the surge and remaining flat in normal times. (Recall
that we did not target the time-series path of adjustment frequency, and only used the pre-surge
level and surge peak to estimate the pricing primitives.) The mean correlation across seeds between
the model-implied and observed series is 0.69 in the United States and 0.62 in the euro area. In
the euro area, the model also reproduces the short-lived rise in the frequency in 2020, peaking
one quarter before the data. For the United States, the model matches the rise during the 2008-09
recession. It also captures the rise during the 2021-22 surge, but not its full swing: the model peaks
at 0.34 in mid-2022, while the observed series keeps rising to 0.51 in 2022Q4, a level we attribute
partly to sample composition (Section 5.1). As noted above, that spike is an outlier relative both to
the US experience of the 1970s and to the one observed in the euro area during the same surge. It
has been a challenge in the literature to explain this movement in the frequency with a standard

menu-cost model (see Blanco et al. 2024, and Kaplan and Miyahara 2026).

6 Policy trade-offs under state-dependent pricing

We now illustrate how our odd approximation of a state-dependent pricing framework can be
easily leveraged to produce policy counterfactuals, adding insight into the role of nonlinear
inflation dynamics. In our specific application, we turn to a classic policy question: How
aggressively should a central bank respond to a large but transitory inflationary shock that poses
a trade-off between output and inflation stabilization?

A common answer is to “look through” it. Provided expectations remain anchored, the
shock will reverse on its own, and the output losses from tightening would outweigh the gains
from lower inflation (Bernanke and Mishkin 1997; Mishkin 2007; Bernanke 2007). By contrast, the
textbook New Keynesian model—with a quadratic loss function and a linear Phillips curve—calls
for a weighted stabilization of inflation and the output gap following cost-push shocks (Clarida
et al. 1999; Woodford 2011). Crucially, the resulting policy response scales linearly with shock
size, and the inflation—output trade-off is essentially invariant to it. Recent work shows that
state-dependent pricing changes this prescription: larger cost-push shocks warrant a more forceful
policy response because state dependence makes the trade-off more favorable (Karadi et al. 2025).

In this section, we use our approximate state-dependent model to take these prescriptions
to the data. First, we show that the cost of looking through large aggregate shocks is greater than
implied by the linear model, and increasingly so as the shock grows. Second, consistent with the
normative results of Karadi et al. (2025), we show that the sacrifice ratio associated with a tighter

policy stance would have been lower during the recent inflation surge.
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For both exercises, we calibrate the US and euro-area model economies as in Section 5.1
(Table 1) and feed each model the order-3 particle-smoothed innovations recovered in Section 5,
starting from the steady state in 2000Q1. Until 2020Q4, both exercises feature our baseline Taylor
rule parametrization (¢, = 1.5) and receive all three recovered innovations, so the menu-cost
economy tracks the history estimated in Section 5, including the policy response to the pandemic.
In 2021Q1, we impose an unexpected and permanent switch in the policy stance from the baseline
to a counterfactual rule: monetary accommodation (¢, = 1.05) in the first exercise and monetary
tightening (¢, = 2) in the second. We date the switch in 2021Q1, when inflation started rising
but before central banks started raising their policy rates (the Federal Reserve in March 2022 and
the ECB in July 2022). These counterfactual policies draw a stark comparison between looking
through the surge and tightening against it. Both are rule counterfactuals rather than the realized
policy paths.?’ From the switch on, we shut down monetary-policy shocks because the exercises
compare hypothetical policy rules: the relevant question is how the recovered supply-and-demand
disturbances propagate under each rule.?’ We simulate the third-order solution with pruning

(Andreasen et al., 2018) and display the 2018—2025 window.

Looking through large shocks. The first exercise considers an accommodative central bank
(¢ = 1.05) facing the large post-pandemic shocks (Figure 6, panel a). We treat the menu-cost
model as the data-generating process and compare it with a frequency-matched Calvo benchmark.
Under this stance, the recovered supply-and-demand disturbances generate a menu-cost inflation
surge that peaks at 6.5 percentage points above its sample mean in 2022, about 3.2 times the
response of the Calvo model to the same shocks (10.7 percentage points and 2.4 times in the euro
area). These effects are monotone in the policy parameter. With ¢, = 1.1, 1.2, and 1.3, the ratio
falls to 2.8, 2.4, and 2.2 in the United States and to 2.2, 1.9, and 1.7 in the euro area.

The difference between the two models is, again, the feedback loop made explicit by
Equation (17). The shocks move the distribution of price gaps onto the steep flanks of the
adjustment hazard, raising the adjustment frequency and strengthening selection. Repricing then
raises the aggregate price level, moving other firms’ real prices toward their adjustment thresholds
and inducing further repricing. The frequency part of this loop is the inflation-accelerator
mechanism of Blanco et al. (2026), who abstract from selection, and is close to the pricing cascades

of Ghassibe and Nakov (2025). Selection adds a second meaningful feedback in our model. After

20The comparison between the two models does not hinge on the date. The message is unchanged if we move the
policy switch to 2020Q1 or to 2021Q3.

s ncluding monetary-policy innovations would answer a different question—how the full recovered shock history
would have propagated—rather than isolate the consequences of alternative policy rules. Because monetary innovations
were accommodative in 2021-22, including them would further activate the cubic and widen the look-through gap.
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Figure 6: Looking through large inflationary shocks and sacrifice ratios under different monetary
policy regimes

Panel a: Nominal and real effects of the recovered shocks under accommodative monetary policy
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Panel b: Tightening monetary policy and relative sacrifice ratios
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Notes. Panel a presents the responses of aggregate year-over-year inflation (7Y°Y), real aggregate output (y), and the nominal rate (i)
to the order-3 smoothed innovations recovered in Section 5 (monetary innovations excluded after the switch), 2018-2025, under the
baseline Taylor rule (¢, = 1.5) until 2020Q4 and monetary accommodation (¢, = 1.05) from 2021Q1, for the United States (top row)
and the euro area (bottom row, Table 1 estimates); red lines are the log-linearized (Calvo) model, blue lines the approximate menu-cost
model. Panel b repeats this with tight policy (¢, = 2) from 2021Q1; dotted lines reproduce the accommodative responses for reference.
Recall that inflation and the nominal rate are plotted in deviation from their sample means, and output in deviation from its trend.
The right panel in each row shows, from 2021Q1, the slope-implied relative sacrifice ratio of the menu-cost model (blue) and the Calvo
sacrifice ratio (red). Plotted paths are the pointwise median across seeds.



the switch, output moves similarly in both models: common demand innovations dominate the

output path, while the nonlinearity is concentrated in inflation.

The sacrifice ratio. Should the central bank then respond more aggressively, and at what cost?
Figure 6, panel b, repeats the experiment with a switch to a tight rule (¢, = 2) in 2021Q1 and
compares it with the accommodative case discussed above (¢, = 1.05). The two paths coincide
until the switch. Because policymakers observe inflation rather than the shocks behind it, the
relevant cross-model comparison equates peak inflation. We therefore rescale the shocks fed to
the Calvo model so that its peak inflation under accommodation matches that of the menu-cost
economy, and compare the output cost of the resulting disinflation.??

At the estimated values, tightening lowers peak year-over-year inflation by 3.9 percentage
points (from 6.5 to 2.6 percentage points above its sample mean) in the state-dependent model
but by only about 0.9 points in the matched Calvo economy (from 6.5 to 5.6). We summarize this
trade-off with the sacrifice ratio, the output forgone per point of inflation reduction when policy

switches from accommodation to tightening. For the Calvo economy, we compute it over the

whole surge, as total output forgone divided by total inflation reduction:

ZteS (yaccom _ ytight)
t t
ZteS (ﬂ,accom _ ﬂ_tight)’
t t
where S collects the quarters of the inflation surge: 2021Q1-2023Q1 in the United States
and 2021Q3-2023Q1 in the euro area. Recall that the demand block is log-linear in both the

SRCaIvo —

state-dependent and time-dependent economies so that they differ only in the pricing block.
Therefore, holding the output cost of a given fall in the price gap equal across them, the output
cost per point of disinflation is inversely proportional to the slope of the Phillips curve. Using
this property and the fact that the slope of the Phillips curve does not vary in the Calvo model,
we obtain the sacrifice ratio for the state-dependent economy by scaling the Calvo ratio by the
ratio of the two slopes. The relative sacrifice ratio, evaluated along the menu-cost path under

accommodation, is therefore given by:

h

RSR, = SRC2vo .
! h(0) + 3¢ (c? + x7)

Note that, even though the two models share the same average adjustment frequency, the relative

sacrifice ratio is already below one in the steady state because selection makes the menu-cost slope

22Because the Calvo model is linear, a single scale factor applied to the full shock vector matches its peak exactly.
Away from the peak, its rescaled inflation path is flatter than the menu-cost surge. Neither result depends on this
match: the look-through comparison feeds both models the common recovered innovations, and the Calvo sacrifice
ratio is invariant to shock scale.
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h(0) + 3¢a? exceed h.

Figure 6 shows how the cost of bringing down inflation is state-dependent in the menu-cost
model. Its sacrifice ratio starts below the Calvo value (due to the selection wedge) but then further
falls as the slope steepens, and rises again as inflation normalizes. In the United States, the relative
sacrifice ratio reaches about 30 percent of the constant Calvo value at the peak of the surge. In the
euro area’s larger surge, it falls to about a quarter of the Calvo value.

Taken together, these exercises show that state dependence raises the cost of looking
through large shocks and lowers the cost of leaning against them. A linear Calvo benchmark
understates the first and overstates the second, most of all when price gaps are large, as
in the 2021-22 surge. This is because a tightening compresses both the linear pass-through
and the nonlinear amplification generated by state-dependent pricing. These results provide a
data-contingent positive counterpart to the normative analysis of Karadi et al. (2025), who show in
a Ramsey menu-cost model that the planner should respond more aggressively to large inflationary
shocks. Our policy counterfactuals also complement Ascari et al. (2025), who find, in an estimated
nonlinear model with state-dependent price and wage adjustment for the euro area, that earlier

tightening during the recent surge would have reduced inflation at relatively low output cost.

7 Concluding remarks

State-dependent pricing models are widely seen as more persuasive descriptions of firms’
price-setting than time-dependent ones—especially after large aggregate shocks. Yet the latter
class is the dominant choice of researchers and practitioners because it is significantly easier to
implement. This paper narrows that gap with a tractable state-dependent pricing model built from
an algebraic approximation of a standard menu-cost framework. In our setting, inflation admits a
third-order representation in three moments of the price-gap distribution: the average price gap,
its variance, and its skewness. Along the impulse response, under the poor man’s simplification, it
is an odd (cubic) polynomial in the average price gap alone, the difference between the economy’s
desired reset price and the price level it enters the period with. The cubic term captures the
nonlinearities that state-dependent pricing introduces.

From a practical standpoint, the approximation allows us to apply conventional perturbation
methods to solve the model, putting the analysis on par with standard practice in the (nonlinear)
DSGE literature. We then illustrate its applicability with standard historical decomposition
exercises using both US and euro-area data, and use the identified shocks to run policy
counterfactuals. For this exercise, we chose a simple, textbook macro framework. Because

the pricing block is portable, however, it can replace the Calvo block of richer models, from
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medium-scale models such as Smets and Wouters (2007) to multi-sector economies, in which
cross-sector differences in the frequency of adjustment drive monetary non-neutrality and the
propagation of shocks (Pastén et al. 2020; Ghassibe and Nakov 2025). It also makes policy relevant
questions tractable that so far required global methods: optimal monetary policy when the slope
of the Phillips curve depends on the size of shocks, the pass-through of large cost shocks such
as tariffs, energy prices, or devaluations, and the interaction of state-dependent pricing with

household heterogeneity or with shocks to idiosyncratic volatility. We leave these for future work.
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An Odd Approximation of Inflation
for State-depdendent Pricing Models
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Appendix

A Assumptions for the main text and appendices B-C

For clarity of exposition, before developing the proofs we restate the maintained assumptions.

Assumptions. The following assumptions are maintained in the text and Appendices B-C:

1. Zero trend inflation—Trend inflation is zero. This assumption, together with the idiosyncratic
process (below), implies that the steady-state price-gap distribution Fy is even; this delivers the

odd-polynomial structure of inflation (Theorems 1-2).

2. Idiosyncratic process—Firm-level productivity follows a random walk in levels, with new
increments €, (f) that are i.i.d. across firms and over time, mean zero, Gaussian, and independent

of the gap the firm carries into the period.

3. Taste—productivity offset—The demand-side taste shock offsets idiosyncratic productivity at its
level, {;(f) = —a;(f). This assumption makes the price gap the only idiosyncratic state of the

value function.

4. Regularity conditions for the higher-order moments—We impose the following bounds on the
moments of the price gap distribution to formally discuss the approximation remainders. We split
this assumption into three parts (a, b, and c), which are progressively stronger so that 4b implies

4a, and 4c implies 4b.

4a. Weak regularity—We assume the following two conditions: (i) the mean gap stays at the
scale of the dispersion, |x;| < K g; for some K < oco; and (ii) the standardized gap has a uniformly
bounded (3 + ¢) moment, sup, E }(x - xt)/0t|3+£ < oo for some ¢ > 0. This assumption is used in

deriving the bounds on inflation in Theorem 1.

4b. Moderate regularity—Consider a family of economies indexed by the scale n | 0 of
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idiosyncratic heterogeneity. Normalize the idiosyncratic increment as €/ (f) = n &(f), E[&(f)] =
0, Var(&(f)) = 1. Define the normalized pre-adjustment price gap Z, (f) := x:(f)/n. We assume
that, for some 17y > 0 and T < oo,

sup  sup ]E,|Z;7(f)|6 < 0.

0<n=<ny 0<t<T

The assumption is used in the derivations of the dynamics of variance and skewness (Propositions
4-5) asit allows us to derive a closed system in terms of the first three moments only, by eliminating
the dependence of variance and skewness on the higher-order moments (up to, respectively, second
and third orders). Under this assumption, we abstract from the effects of selection on the dynamics

of variance and skewness while retaining the effects of selection on the first moment.

4c. Strong regularity— For the impulse-response results (Theorems 2 and 3), augment the
family of economies in Assumption 4b by a normalized aggregate-shock magnitude § € D, where
D is compact and 0 < d < |§| < d < co. In the economy indexed by 7, the actual impact
displacement is § = 54, so that the mean gap on impact is xo = & (the mean gap is zero in the
stochastic steady state). Thus 7 indexes the scale of idiosyncratic heterogeneity, while § indexes
the magnitude and sign of the aggregate shock within a given economy. Define the normalized

pre-adjustment price gap by Zfs(f) = x:(f)/n. We assume that, for some 1y > 0 and T < oo,

29 <.

sup sup sup E
0<n<no Sep O0<t<T

This condition requires that the aggregate shock and idiosyncratic heterogeneity vanish at the
same rate, and allows us to bound the remainders of the dynamics of variance and skewness by
those of the aggregate shock. All local remainder statements are understood as 7 | 0, holding §
fixed, uniformly over § € D. Since n = |5|/|5|, and |§| is bounded above and away from zero,

o(7*) = 0(8%) and O(5*) = O(8*) uniformly over D.

5. Regularity conditions for the menu-cost distribution—The menu-cost distribution G satisfies
G(0) = 0 and has a continuous density on (0, o) that extends continuously to the origin, so that
G’(0) := limy o G(y)/y exists and is finite; without it the hazard carries no quadratic term. The
hazard is four times differentiable at zero. The value function is strictly concave at the reset point,

V/'(0) < 0; otherwise ¢, = 0 in Proposition 1.
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B Derivations

B.1 Static target price

We derive the static target price of Equation (3). The firm’s static optimality condition implies
that firms price at a markup over nominal marginal cost. Moreover, under our baseline demand
system, the elasticity of demand is constant and the same at every relative price, which implies

that the demand curve is log-linear and the desired markup is constant.

Final goods are assembled competitively from the differentiated varieties using the
constant-elasticity technology with elasticity of demand 0 > 1:

0
0-1

Y, = [ / 1 (n(f) eW))g; df} : (A1)

which yields, in logarithmic terms, for each firm f a residual demand function of the form:

y: (f) = -0 (Pt(f) _Pt) +(0-1)&G(f) +ys, (A.2)

where p; is the CES price index. Given Equation (A.2), the elasticity of demand is the same at
every relative price, and the price that maximizes static profit is a constant markup p := In %

over nominal marginal cost:

pL(f) = p+mei (f). (A3)
Nominal marginal cost is given by Equation (1), mc}(f) = & — (1 +v)a,(f) + vy, (f), which is a
function of a common price shifter, an idiosyncratic shifter, and the firm’s own physical output.
Evaluating the demand curve (A.2) at the static optimum and substituting removes the firm’s own
output:

mel(f) = & = (14 v)ar () +v|ye = 0(p2(F) — pe) + (0= D &(F) | (A4)

The expression in Equation (A.4) holds for any returns to scale. Relative to the standard constant
returns case (v = 0), three terms appear. A relative-price term —v0(p?(f) — p;): a firm that prices
above the market sells less and, with decreasing returns, produces at a lower marginal cost, which
pulls its target back toward competitors’ prices. A common level term vy,. And a taste term
v(6 — 1) {;(f), which operates for the same reason in reverse—a more desired variety is produced
in greater quantity, and at v > 0 greater quantity means higher marginal cost.

Substituting (A.4) into (A.3) and collecting the terms in p? (f) yields:

pi(f) = =E)(u+&+vy) +Ep - (1-E) A+ v)a(f) + (1 -E) v(0 - 1) &(f),

where the weight the target places on competitors’ prices is given by = := 1:0»9 € [0,1), and v@ is
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the rate at which a higher relative price lowers the firm’s own marginal cost, so = rises with v and
is zero at constant returns.

Finally, assuming offsetting taste shocks, {;(f) = —a,;(f), the two idiosyncratic terms in the
equation above collapse into one, with a loading on {; (f) equal to one for any v and any 0, yielding

Equation (3) in the paper.

B.2 Dynamic reset price

We now derive the dynamic target price in Equation (6). Throughout, x{(f) = p?(f) — pr-1(f)
denotes the static gap a firm would carry into period t absent adjustment, and V,(-) denotes the
value of not adjusting before the menu-cost draw, related to the indirect value function (Lemma 1)
by V;(x) = (lz‘(x;‘ + x). We abstract (without loss of generality for this subsection) from the
free-price adjustments to simplify the notation (i.e., set h;(0) = 0 in what follows).

Following Alvarez et al. (2023), we use a quadratic approximation to characterize firms’ (real)
flow profits around the flexible (static) optimal price p{ (f) of Equation (3)—this is the second-order
(symmetric-loss) profit approximation, which makes profit an even function of the price gap.

Let II(x) denote flow profit, expressed as a share of the firm’s steady-state profit ¥, as a
function of a generic gap x between the static optimum and the firm’s price. The menu cost is
measured in the same units: from here on y;(f) denotes the adjustment cost as a share of ¥,, and

G its distribution. Its quadratic form is:

(P2 (f) - ()%, (A.5)

() = ()~ pel) =

where B > 0 is, by this normalization, directly the curvature —I1"’(0) of the profit share. Since
p? (f) maximizes static profits, IT attains its maximum at a zero gap, so that IT"(0) = 0 and IT""(0) =

—B < 0. Define, for any gap x € R, the value of not changing the price at date ¢ as
Vi(x) = T(x) + BE[Viu() [ x],  pe(0). (A.6)

Hence, the optimal reset gap

xF(f) € argmaxV,(x)

is independent of y,(f), and the corresponding optimal reset price is

pr(f) = pi(f) =7 (f).

Under the regularity conditions on the primitives—a differentiable value function and a smooth

menu-cost distribution—(ﬁ (+) is differentiable and the maximizer is interior, so that the first-order
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condition holds:
V! (x}(f)) = 0. (A.7)

In terms of the value of adjusting and not adjusting, the value function is

Vi(f) = max {Vix2 (), V! () = (D). (A8)

Write x” := p?,,(f) — p, with p = p7(f) — x, for the static gap the firm would carry into t + 1
having held its price at the counterfactual level p; at x = x}(f) this coincides with the firm’s
actual decision. It exceeds the price gap of Equation (4) by the reset gap, x” = x5, + x;41(f), and
the hazard below is written at that argument. Because (Vt(x; (f)) = xt(f) does not depend on x,
and y;4+1(f) is drawn independently of x’, Equation (A.8) one period ahead can be written with

the menu cost integrated out,

E [Vt+1 ()1 x’] = (‘7t+1(x,) +E [max {O, A (x) = Xt+1(f)}], (A.9)

with
Ar1 (X)) = Vea(x3hy) = Ve (x7) 2 0.

The second term is a differentiable function of the value gain A;,;, with derivative equal to the
adjustment probability Pr{y;+1(f) < At+1} while A}, (x") = —(\Z’H(x’). The right-hand side of

(A.9) therefore has derivative (1-I*

(f )) /.1(x") in x" (by the envelope theorem) and dx’/ox = 1,

LB (Ve (1) 1%) = B [(1- 120 0D) Tiul) | 2] (A.10)

Differentiating (A.6) with respect to x and using that 9(p{,,(f) — p)/dx = 1 yields
V) =T + B B (1= () Vi (2 () - )] (A11)
with p = p?(f) — x. Evaluate (A.11) at x = x/(f), so that p = p}(f), and use (A.7) to obtain

:H,(P‘t)(f) _P;(f)) +ﬂEt[(1 I51(f)) (th-i-l(ptﬂ(f) 2 (f))] (A.12)

Next, apply (A.11) one period ahead to the derivative (Vt+1 (‘p?+1 (f) = pF(f)), substitute into (A.12),

and use the law of iterated expectations. Repeating this substitution N times yields, for any N > 0,

N i
0=E, Zﬁl (]_[ (1 t+](f)) H/(P?H(f)_P:(f))]
i=0 j=1
N+1
+pV B, (rl (1-5 D) | Vi (apein () —p:<f>>], (A1)
j=1
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where by convention H(}:l(-) = 1. The second line of (A.13) is AN*! times a term of order
E; |p;’+N LD = pi( f)| (since V" satisfies the transversality condition and the survival product
is bounded by one); it therefore vanishes as N — oo whenever N E; |p;’+N(f) - p?‘(f)! — 0,
which the random-walk target of Assumption 2 satisfies. Therefore, taking limits in (A.13) gives

the infinite-horizon first-order condition:

Wi (1_[ (1-1:,00)

i=0 j=1

O:Et

I (pf,i (f) - P?(f))] : (A.14)
Using the quadratic profit approximation (A.5), IT’(x) = —Bx, and (A.14) becomes:

W (H (1- H,(f))) (02 () —p?(f))] -

i=0 j=1

Divide by —B # 0 and rearrange to isolate p} (f):

S (10| -2

i=0 j=1

O:—BEt

pr(f) E;

iﬂ"( | (1- tﬂ(f)))p;’ﬂ(f)].
J

i=0 =1

Hence,

B |22 B ([T (1-15,00) ) 2220
B[220 (M (1-32,0))|

Equation (A.15) expresses the reset price through the realized survival indicators Hi. (1-I%,.(f)).

pr(f) = (A.15)

t+j
Defining the firm’s effective discount factor A,(f) := E; 352, B 1} (1= Y, ; (), the indicator
products factor as follows. Taking expectations,
B[ ] (010 500 | = Be|[ T (1= heay(9) £ (f)] , (A.16)
j=1 j=1

and likewise for the denominator, which delivers the form of Equation (6) used in the main text.
Finally, because the idiosyncratic component of p?(f) follows a random walk, the reset gap

xF(f) = p2(f) — pf (f) does not depend on the identity of the firm. That is, x} (f) = x}.
B.3 Firm-level recursions and aggregation
Define the firm-level object W;(f) = (1 — h,(f))A;(f) and denote the covariance as:

Chi 1= Cov (Wear (), pEa (f) - (A17)

In the stationary benchmark below, Wiy (f) = W (des1 + €241(f)), where W () := (1 — h(v))A(v)

is a time-invariant function of the gap v.
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Proposition 3 (Third-order covariance correction). Consider a stationary symmetric benchmark

with A;(v) = A. The covariance is given by:
Cha =T (pra —p7) +0(n®), ] =W"(0)aZ. (A.18)

Proof. Integrating the firm recursion (18) over all firms gives

1
Aipf =p] + PE; [ / Weat (F)pfa (Hdf ]
0 (A.19)

1
=p; + BE; [/ Wit (f)dfple, + C:H]
0

Let W, be the average of Wy,1(f). Denoting by d;41 := p},, — py, under stationarity, W1 (f) =

W (d;41 + €41(f)). Since the common component is additive, the covariance can be written as

1
Cha = /0 W(drs1 + €01 (f)) [5G (f) + €a ()] df (A.20)

Independence of {;(f) and €41 (f), together with /01 Gdf =0, gives

* = / erss (1YW (dysn + €0 (F)) df (A21)

0
Since the covariance already contains one factor ¢ = O(r), and W is even in the stationary
symmetric benchmark, so that W’ (0) = 0, a quadratic Taylor expansion of W is sufficient to

obtain the covariance through third order:
W(d+e)=W(0)+ W (0)(d+e)+ %W”(O)(d +€)*+0(n* (A.22)
Multiplying (A.22) by € and averaging leads to:
Cli1 =W (0)o? + W (0)dys107 + %W”(O) /0 1 e df +0(n*). (A.23)

Moreover, stationarity and evenness of h imply W’(0) = 0, and, since €,41(f) is Gaussian with
. . . : 1 N
mean zero, its cross-sectional third moment vanishes, /0 €3, df = 0. Substituting these two results

t+1
into (A.23) yields:

Cr,=W"(0)c2ds sy +O(n*)
= Jdis1 +0(n°), J=Ww"(0)a?, (A.24)

where the last step uses O(*) = o(n%). O
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B.4 Dynamics of higher-order moments

For notational convenience, write h = h(0) and H = 1 — h. In this section, we work under the
moderate regularity Assumption 4b (Appendix A).

We distinguish between two cross-sectional distributions of price gaps, measured at two
distinct points within the period. The pre-adjustment distribution, introduced in Section 2.1,
captures the cross-section of the price gaps x;(f) = p}(f) — p+-1(f) of Equation (4), measured
after the realization of the period-t aggregate and idiosyncratic shocks but before firms take their
adjustment decisions. We denote the distribution of price gaps by F; and its four moments—mean,
variance, skewness, and kurtosis—by x, O'tz, Vs, K¢, as defined in Section 2.1. These are the objects
that enter the contemporaneous frequency and inflation approximations: aggregate inflation (7)
accumulates the price changes of the firms that adjust, and the adjustment decision is taken on the
pre-adjustment gap. When only idiosyncratic shocks are drawn, F; collapses to the steady-state
distribution F,, with moments xj, 0'5, Vo, Ko-

The post-adjustment distribution captures the cross-section of price gaps once the
adjustment decisions I¥ (f) € {0, 1} are realized in period ¢. The cross-section is truncated because
a firm that adjusts (I} (f) = 1) resets its price to the target and carries a zero gap into the next
period, while a firm that does not adjust (I} (f) = 0) keeps its gap. The gap a firm carries forward
is therefore the post-adjustment gap

xe+(f) = (1=I7 () x:(f), (A.25)

and we denote its cross-sectional distribution by F; ,, with central moments

X4 = / x dF; 4 (x), ai+ = /(x - xt,+)2 dF; . (x),
(A.26)

o= [ =30 A0, = [ = 30 ),

The truncation at I} (f) = 1 is the selection effect: because adjustment is more likely at large gaps
(the hazard is convex), it removes mass from the tails of F; and reshapes the distribution that firms
carry into the following period. Absent aggregate shocks these post-adjustment moments take
their steady-state values, which we denote xj 1, 0'3, o Yo Kot

The two cross-sections are linked across time by the idiosyncratic innovation. Between
t — 1 and t every carried gap x;_;+(f) receives the new idiosyncratic increment €;(f)—drawn
ii.d. across firms and over time, mean zero, symmetric, with variance Gg, and independent of the

carried gap. The pre-adjustment gap at ¢ is thus the carried gap displaced by the new draw,

x:(f) = xr214(f) + & (f),
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up to the common aggregate displacement that shifts every gap and is absorbed in the mean.
Under our assumption of independence of €;( f) from the carried gap, we have the following
variance timing identity:

0 = O[_14+ 00, (A27)

while the assumption of symmetric idiosyncratic shocks implies no third cumulant, which carries

the skewness forward unchanged:
Wt = l//t—1,+- (A.28)

In the stochastic steady state Equation (A.27) reads:
ol = o§,+ + 0. (A.29)

That is, the steady-state pre-adjustment variance exceeds the carried variance by exactly the
variance of one idiosyncratic draw. Equations (A.27) and (A.28) link the two cross-sections: they
map the post-adjustment variance and skewness carried from t—1 into the pre-adjustment variance
and skewness at t, which are the moments that enter the contemporaneous formulas.

Let X, denote the pre-adjustment gap x,(f) of a randomly drawn firm, My ; := E[X¥] and
M,j,t = E[X{;]. For every integer k > 1, the carried gap satisfies

thf+ = (1 - H:)Xkr

because (1 —I¥)* = 1 — I*. Conditioning on the pre-adjustment gap therefore gives

M, =E[E[1 -1 | X,] X}]

E
E[(1 - h(X:))XF] . (A.30)

Write the local hazard approximation as
h(z) = h+ ¢22 +1(2), r(z) = o(2%).
Assumption 4b implies, for j =0,1,2,3,
E[1X:1r(Xn)] = o(n”*?). (A31)

Indeed, write r(z) = z%w(z), with ©(z) — 0 as z — 0, and split the expectation over |X;| < 2z
and |X;| > Z. On the first set, the expectation is bounded by an arbitrarily small constant
times E |X;|’*> = O(n’/*?). On the second set, the uniform sixth-moment bound gives uniform

integrability for every power required in (A.31). Hence

Mg, = HMi; — §Misae +o(n**), k=123, (A.32)
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The raw moments satisfy

My = x4,
2 2
Mz’[ = 0; +xt,
Ms; = Y +3x,07 + x,
3t = lﬁt +3X:0, + Xy,
—_ 2 2 4
M4}t = K; + 4xt¢t + 6xt0t + X,

Ms; = ms; + 5x:k; + 10xf1//t + 10xfo’t2 + xf.

Here ms; denotes the fifth central moment of F;. Absent the aggregate shock, the pre- and

post-adjustment means vanish. Using the variance timing identity (A.29) and (A.32) at k = 2

gives
O-g = O'§’+ + Ug
= M;,+ 0.
= Ho} — ¢xo + 02 +o(n?),
and therefore
02 = hal + ¢y +o(n?).
Proposition 4 (Dynamics of the variance). The pre-adjustment variance satisfies

2 2 2 _ 2 2 2

o — 05 = H(o} — 0f) + hHx} + o(n°).
Proof. By the variance timing identity,

2 2 2

01 = My, — (M{,)" + o

Using (A.32)atk = 1,2,

o2 =HMy, — My, — (HMy, — $Ms,)* + o2 +o(n?)
= Ho} + hHx; — §My; + 2Hpx, M3, — §*M;, + o7 + o(n*).

Subtracting o; and using (A.39) yields

07 — 0 = H(o} — 03) + hHx} — ¢(May — o) + 2Hx: Mz, — $* Mz, + ().

Assumption 4b in Appendix A gives

My — ko = O(n%), XMz, = O(n*), M32,t =0(n°).

A.10
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Hence the last two terms of (A.41), together with —¢(My, — k), are O(n*) = o(5?). This proves
(A.40). O

Proposition 5 (Dynamics of skewness). The pre-adjustment third central moment satisfies
Yre1 = HYy + 3hHx, 02 + hH(2h — 1)x; + o(n?). (A.42)

Proof. The idiosyncratic increment is independent of the carried gap and has zero third central

moment. Hence the third central moment crosses the timing step unchanged:
Yeer = My, — 3M7, M5, +2(M7,)°.
By (A.32) and the raw-moment relations (A.33)-(A.35),
Mj, =HMy; +O(n’),  Mj,=HM,,+0(y*),  Mj, = HMs; +O(n’).
Consequently,
Ve = HMs; — 3H My My, + 2HM; , + O(°).

Using (A.33)-(A.35),

Yre1 = H(Yr + 3x,07 + x7) = 3H?x; (07 + x7) + 2H’x; + O(n°)

= Hy; +3H(1 - H)x,0? + H(1 - H)(1 - 2H)x, + O(n°).

Since 1 — H = hand 1 — 2H = 2h — 1, this is (A.42), because O(5°) = o(%). O

C Proofs

In this section we provide the proofs and derivations of the results presented in Sections 2 and 3.

The road map is the following:

e Section C.1 proves Lemma 1, reducing each firm’s pricing problem to the single scalar price gap
and establishing the recursive representation, interior optimum, and adjustment threshold of the

resulting indirect value function.
e Section C.2 proves Proposition 1, the quadratic approximation of the hazard rate.

e Section C.3 formalizes the projection of aggregate inflation onto the moments of the price-gap
distribution in two steps: the general representation (Theorem 1), and its specialization to the
stationary, symmetric environment maintained here, which recovers the odd cubic of the main

text.



e Steps 1 and 2 of Section C.4 derive the pre-adjustment variance’s and skewness’s response to the
aggregate shock, each first as a polynomial in the mean gap and then in closed form as a function
of the steady-state primitives (h(0), $, o7) and of the equilibrium persistence of the average gap,

from a shared selection integral.

o Step 3 of Section C.4 proves Theorem 2, deriving the frequency and inflation impulse-response

coefficients h, ay, Bi, B3 from the moment responses of Steps 1 and 2.

C.1 Proof of Lemma 1

Proof of Lemma 1 (Price gaps as forcing variable). Fix afirm f and a date t. We work conditional on
the aggregate state (suppressed in the notation) and on the firm’s current draw of the adjustment
cost x;(f), which is observed by the firm before choosing I;(f) and p;(f). Because adjusting
price when receiving a free adjustment opportunity is always—weakly—optimal, we characterize
(without loss of generality) in what follows the value of not adjusting and associated decisions
conditional on not receiving a free adjustment opportunity at ¢; we then extend to the case of free
adjustment when deriving the hazard at the end of the proof.

Define the static gap between the frictionless optimal price and the price at the beginning

of the period:

Then, x{ (f) = p{ (f) = pe-1(f). (A.43)

x; (f) = p7 (f) = pr-1(f)
= (2 () = pr () + (o7 () = pe-1(f))
=x7(f) +x:(f). (A.44)

Under the random walk dynamics of the idiosyncratic shocks, which renders the reset gap common

across firms, x;(f) = x} for all f, (A.44) becomes
X7 (f) = xf +x:(f) (A.45)
Define the value of not changing price as (mirroring the construction in Appendix B):
Ve(x) = 11(x) + B Be[Veas () Jx] (A46)

Because profits depend on p;(f) only through p?(f) — p:(f) (by (A.5)), and because the law of

motion for future primitives is Markov, V,(-) is a well-defined function of the scalar gap x (given
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the aggregate state at t). The value of adjusting (conditional on no free adjustment) is
max V,(x) = x:(f). (A.47)
Under differentiability, an interior optimum, and Assumption 5, it satisfies
V/(xr(f) =0,  V/'(x*(f)) <o0. (A.48)
In terms of the value of adjusting and not adjusting, the value function is
Vi(f) = max | Vixi (F), Vit () = xe(H}- (A.49)
Hence, the optimal decisions satisfy
pr(f) =p/(f) =x7(f). (A.50)
F(H=1 = V) -0 2z V() (A.51)

Define the indirect value function in terms of the dynamic gap as the re-centered version of V;:
Vi(x) = Vix} +x), x €R. (A.52)

The continuation expectations in (A.46) and below are conditioned on the firm’s payoff-relevant
dynamic gap x;(f), which—together with the aggregate state—pins down the distribution of next
period’s gap x’. Using (A.45) and (A.52),

V2 (£)) = Vixr +x:(F)) = Vil (), (A53)

and also

V,(0) = Vo (x}). (A.54)
Substituting (A.53)-(A.54) into (A.49) yields:
Vi(f) = max {Vifxi (), Vi(0) = xi()}. (A55)
Differentiate (A.52):
V/ (x) = V/(x} +x), V! (x) = V/'(x} +x).
Evaluating at x = 0 and using (A.48) with x}(f) = x} gives

V/(0) =0, V/"(0) <0,

which is condition (ii) (the interior optimum) of Lemma 1. Fix x € R and interpret it as the current
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dynamic gap x;(f) = x. If the firm does not adjust at ¢, the flow payoff is II(x} + x), and by
definition of (17t
Vo (x} +x) =T +x) + B B [Vear () | e (f) = x] - (A.56)

The left-hand side equals V;(x) by (A.52). Let
x" = x4 (f) (A.57)

denote next period’s dynamic gap implied by inaction at ¢ (i.e. given that the price carried into
t +11is p;(f) = ps-1(f)). Its conditional law is pinned down by the Markov evolution of p7 , (f)
(and thus of p,, (f)) together with the fixed inherited price. At date ¢ + 1, the firm again chooses
whether to adjust. Using (A.55),

Vers (F) = max {Vius (), Viwa (0) =y ().

Write this maximum using the optimal decision I, | (f):

Veur (F) = T2t (D) (Ve (0) = s (0) + (1 = Ty () Vi ().

Take conditional expectations given x’, and use the definition of the hazard:

Bt [Vt+1 (f) | x,] = he (x,) ((Vt+1 (0) - )(t+1) + (1 — hin (x/)) Vi (x,),

obtained by taking the expectation of the indicator form term by term:
EmlI5,(f) | x'] = hu(x’); the expected menu cost paid upon adjustment is
Eii1 []I’;H ) xre1(f) | x’] = hp1(x’) Yr+1, With y;41 denoting the mean cost conditional on
adjustment; and B4 [(1 - T () Ve (x) | x'] = (1 = ht11(x")) Vi1 (x7) because Vipq (x7)
is x’-measurable. Substituting this into (A.56) (and using the law of iterated expectations) yields
the recursive representation in condition (i) of Lemma 1.

Finally, consider a stationary environment, in which x; = x* and the conditional law
of motion of x;41(f) given x;(f) is time-homogeneous. Conditions (i) and (iii) then define a
per-period map sending V;.; to V; whose primitives—the profit function II(x* + -), the discount
factor f, the menu-cost distribution G, the free-adjustment probability h(0), and the transition
kernel of x’—are all time-invariant.

Call that map T. It is monotone—max{-,-} and conditional expectation both preserve
the pointwise order—and it discounts: adding a constant ¢ to V,;; raises both branches of the
maximum by ¢, and hence raises TV, by exactly fc. These are Blackwell’s two sufficient

conditions.! In the weighted supremum norm || - ||,, (with the usual treatment of the unbounded

1Blackwell’s sufficient conditions deliver a contraction on a space of bounded functions, which is not available here:
the quadratic flow loss evaluated along an unbounded random walk leaves V unbounded below—this does not conflict
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support), its fixed point is therefore unique and time-independent, V;(x) = V(x). Absent
aggregate shocks, the reset gap and the common displacement vanish. Since II(x) is even and the
idiosyncratic innovation is symmetric, the continuation problem is invariant to replacing every
gap by its negative. Hence, if V(x) is a fixed point, so is V' (—x). Uniqueness of the fixed point
therefore implies V (—x) = V(x).

Substituting into the hazard (5) (with h;(0) = h(0) time-invariant) gives h;(x) = h(0) +
(1=h(0)) G(V(0) — V(x)) = h(x), which establishes the final claim of the Lemma. Additionally,
Equation (5) then implies V(-x) = V(x) = h(-x) = h(x). O

C.2 Proof of Proposition 1

Proof of Proposition 1 (Quadratic approximation of the hazard rate). Fix t and condition on the

event {x;(f) = x}. From condition (iii) of Lemma 1 (the optimality principle),

Vi (f) = max {7V, (x: (), V2(0) = xe (O},

so a firm that does not receive a free adjustment pays the menu cost and resets whenever the value

gain from adjusting weakly exceeds the cost,

xe(f) < Ar(xe (), Ar(x) := Vi (0) = Vi(x). (A.58)

The firm may instead adjust “for free” with the steady probability h;(0) > 0—zero in a pure
menu-cost model, or a positive mass point as in the Nakamura and Steinsson (2010) Calvo-plus
model. Conditioning on whether a free adjustment arrives, and using that the menu cost y;(f) ~ G

is i.i.d. and independent of x;(f), the law of total probability gives the hazard:

he(x) = B [IF(f) | x:(f) = x] = he(0) + (1 = bt (0)) G(A: (), (A.59)

which is Equation (5). Since A;(0) = V;(0) —V;(0) = 0, Equation (A.59) confirms that h;(0) is the
adjustment probability at the optimum.
Since V; is twice differentiable at 0 with the interior optimum V/(0) = 0 (condition (ii) of

Lemma 1), a Taylor expansion at 0 yields

Vi(x) = Vi (0) +V/(0) x + 2V (0) % + 0(x?) = V4(0) + 1V (0) x* + 0(x?), (A.60)

with the low-heterogeneity condition maintained on the ergodic cross-section F;, which bounds the dispersion of gaps
across firms in the population, not the range of a single firm’s value function evaluated off that ergodic path along
its own unbounded random walk. We therefore work in the weighted supremum norm ||V ||,y := sup, [V (x)|/w(x)
with weight w(x) := M + x%, for a constant M > 0 chosen below. Because x’ = x + d + € off the adjustment event,
E [w(x’) | x] =w(x)+2xd +d?+ 02 < (1+7n) w(x) + Cyy for every n > 0, with Cy, := d?/n+d? + c?; since w > M, this
gives E [w(x”) | x] /w(x) < 1+ 15+ Cy/M, and choosing first  and then M so that B(1 + n + C/M) < 1 makes T map
the space of w-bounded functions into itself and contract on it with that modulus.
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so that the value gain from adjusting is
A (x) = Vi(0) = Vi(x) = =3V (0) x* + o(x?). (A.61)

Because V;(0) is the maximized value, A;(x) > 0 for all x, so G is only ever evaluated at
nonnegative arguments and the one-sided expansion at zero suffices. With G(0) = 0 and G

admitting a right derivative G’(0) := lim, o G(y)/y = 0 (Assumption 5),

G(y) =G'(0)y+o(y) (ylo0). (A.62)

By (A.61), A;(x) = O(x?) — 0 as x — 0, hence o(A;(x)) = o(x?). Substituting (A.61) into (A.62)
and the result into (A.59) gives

he(x) = he(0) + (1 — ht(o))( — 16 (0)V/(0) x2) +0(x?) = hy(0) + ¢r X + 0(x?),
with the curvature coefficient
¢ == —3(1 = ht(0)) G'(0) V/(0),

exactly as in Proposition 1. The coefficient is non-negative: G is a distribution function, so G’ (0) >
0; V/'(0) < 0 by condition (ii) of Lemma 1; and 0 < 1 — h,(0) < 1. Hence ¢; > 0.

Finally, in a stationary environment V;’(0), G, and h;(0) are time-invariant (last statement
of Lemma 1), so h;(0) = h(0) and ¢; = ¢ = —%(1 — h(0))G’(0) V”"(0), which are the constant
coefficients of Equation (14). O

C.3 Proof of Theorem 1

Proof. We first prove the projection and control its remainder. By the definition of the hazard and

the law of iterated expectations,

nt=Et[I[;‘(f)x,(f)] =/zh(z)dFt(z).

Write

h(z) = h(0) + ¢pz* +r(2), r(z) = Z%w(z), w(z) — 0 asz—> 0,

and let

R, :=/zr(z)dFt(z).
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It follows that

7y = h(0) / zdF;(z) + gb/ 22 dF;(z) + R,
= h(O)xt + ¢(X? + 3xtO'? + ¢t) +Rt-

It remains to show that R; = o(of’). Let X; ~ F; and define

Xt — Xt Xt X
Zt = s msy = —, Yt = —= Zt + my.
Ot Ot Ot

Assumption 4a implies that |m;| < K and that Z; has a uniformly bounded (3 + ¢) moment.
Therefore, Y; also has a uniformly bounded (3 + ¢) moment, and the family {|Y;|*} is uniformly
integrable. Moreover,

Be_ E|Yw(o: )] .

3
Oy

Since h is a probability, h(z) € [0, 1] for every z, so w(z) = (h(z) — h(0) — ¢2%)/z* — —¢ as

|z| — o0; w is continuous, so sup, |w(z)| < oo. For every A > 0,

Rl
7 < sup o) BIYf
0y |z|<0:A

+sup [o(2) | E[|YPI{|Y,| > A}].

For fixed A, the first term converges to zero as o; | 0. Uniform integrability makes the second term
arbitrarily small, uniformly in ¢, by letting A — oo. Hence, R; = 0(0;), which proves Equation (17).

We next prove that inflation is an odd function of the history of mean gaps. Lemma 1 implies
that the stationary hazard is even, h(—z) = h(z), and the idiosyncratic innovation is symmetric.

We want to show by induction that, for every integrable function g,

/ 9(2) dF,[-x"](2) = / 9(=2) dF,[x'](2). (A.63)

At the initial symmetric point, this follows from the symmetry of Fy and from the fact that
the initial aggregate displacement changes sign under x* — —x’.

For the induction step, suppress time subscripts and use primes to denote one-period-ahead
objects. Let F(z) = F[x'](z) be the current distribution under x* and F~(z) = F[-x'](z) the
current distribution under —x’. Similarly, denote with a minus superscript the variables along the

reflected history. Suppose that

/ 9(2) dF () = / §(~2) dF(2)
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for every integrable g by the induction hypothesis. The one-period transition of the gap is
X =1-TX+€e+d, (A.64)

where d’ is the common aggregate displacement of the mean gap. Since the mean of the next

cross-section is x’,
d=x"- /(1 — h(z))zdF(z). (A.65)

Under the reflected history, the next mean is x>~ = —x’. Moreover, the induction hypothesis and

the evenness of h imply
[a-hepzdr@ = [ a-h-eadre
= —/(1 — h(z))zdF(z).
Hence the common displacement in the reflected economy is
d~=-x"- /(1 —h(z))zdF (2)
=—x' +/(1 - h(z))zdF(z) = -d’.

Now, couple firms with current gaps X and —X. Since h(—-X) = h(X), they can be assigned the
same adjustment realization I*. Since €’ is symmetric, the innovation in the reflected economy

can be represented by —¢’. Therefore,

X"=(1-T)(-X)-¢-d
=-[Q-T)X+€ +d'| =-X".

Thus the next-period distributions are also reflections of one another. Induction proves
Equation (A.63) for every t and for any evolution of the mean gap.

Finally, apply Equation (A.63) to g(z) = zh(z). This gives the required step:
i[-x'] = / 2h(z) dF[~x'](2)
_ / (—2)h(~z) dF, [x'] (2)
- / 2h(z) dF [x'](2) = —m[ %],

where the third equality uses h(—2z) = h(z). Therefore, inflation is odd. O
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C.4 Proof of Theorem 2

For notational convenience, write h = h(0) and H =1 — h.

In this section, we work under the strong regularity Assumption 4c. The proof proceeds
in three steps. Step 1 (Lemma 2) obtains the dynamics of the variance under the uniform bound
on the higher-order moments. Step 2 (Lemma 3) obtains the dynamics of the skewness under the
uniform bound on the higher-order moments. Step 3 (Theorem 3) derives a more general version of
Theorem 2 with time-varying coefficients for the first-order dynamics of the mean gap. Theorem 2

is the special case a, = A"

Step 1: IRF of the variance. The following lemma derives the evolution of the variance along
the IRF. Derivations are obtained under the more general first-order dynamics for the mean gap

with a time-varying coefficient, x; = 4,8 + 0(9), a; # 0.

Lemma 2 (IRF of the variance). The pre-adjustment variance satisfies along the IRF:

o2 = o2 + 5,8 + 0(6?), (A.66)
where
by = 0, (A.67)
bie1 = Hb, + hHG?, (A.68)
b, = hH ti H'™'g, (A.69)
j=0

and a, is the first-order impulse-response coefficient of x;.

Proof. The impact aggregate displacement is common across firms and therefore leaves the
variance unchanged, so by = 0. Substituting x; = a;8 + 0(5) and (A.66) into (A.40) (Proposition 4)

and using Assumption 4c gives
b1+16% = (Hb, + hH&?) 8 + 0(5%),

which proves (A.68). Iterating from bo=0 gives (A.69). O

Step 2: IRF of the skewness. The following lemma derives the evolution of the skewness along
the IRF. Derivations are obtained under the more general first-order dynamics for the mean gap

with a time-varying coefficient, x; = 4,8 + 0(9), a,; # 0.
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Lemma 3 (IRF of the skewness). The pre-adjustment third central moment satisfies along the IRF:

¢l’ = O'gqté + ft53 + 0(53), (A70)
where
do =0, o =0, (A.71)
C}t+1 = HQt + 3tht, (A72)
Fis1 = HFy + 3hHa, by + hH(2h — 1)@, (A.73)
t-1
G = 3hH Z H'"'g, (A.74)
j=0
t—1 .
Fr=hH Y H' [3ajbj +(2h-1)&], (A75)
=0

and a, is the first-order impulse-response coefficient of x;.

Proof. The impact aggregate displacement leaves the third central moment unchanged, and the

steady-state distribution has zero skewness, so gy = 7y = 0. Substituting
X, =ai5+0(8),  ol=0l+b8+0(5),
and (A.70) into (A.42) (Proposition 5) and using Assumption 4c gives:
Y1 = 0g (HGe + 3hHa,)S
+ [Hft +3hHa,b, + RH(2h — 1)@ 6% + 0(8).

Although 626 and 6° have the same joint low-heterogeneity order, the two components are
separated by linearity of the recursion in ;: the first is the response to the forcing 3hHo?x;, and
the second is the response to the remaining cubic forcing. This gives (A.72) and (A.73). Iterating
from gy = 7y = 0 gives (A.74) and (A.75). O

Step 3: Derivation of the IRF—general case. We now derive the theorem stated in the
body of the paper (Theorem 2), under the general first-order dynamics for the mean gap with

a time-varying coefficient, x; = 4,8 + 0(6), a; # 0.
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Theorem 3 (Nonlinear impulse response functions with general coefficient). At every fixed

horizon for which a; + 0,

he = h+ g x? +0(5°), (A.76)
T = o + Prexe + ﬁg,txt +0(8%), (A.77)
where
h=h+¢a; +0(a}), (A.78)
b,
ayr = ¢ (1 + Tz) , (A.79)
ay
q:
Pt =h+ oy (3 + a_) ; (A.80)
t
bt It
Brr=¢|1+3 5+ (A.81)
at at

and by, G, 'y are given by (A.69), (A.74), and (A.75). Moreover, my = 0(03).

Proof. At a fixed horizon with a; # 0,

X = @drod) = =2 1o(5).
az
Lemma 2 therefore gives
b
ol =0t + T;xf +0(5%). (A.82)
a;
Similarly, Lemma 3 gives y
g = o2y, 4 2 +0(8%). (A.83)
ar a

¢
The substitution error in the linear skewness component is 0(038) = 0(8%) because o = O(6%).

Substituting (A.82) into (15),

be ) xt +0(5%),

t

h+¢00+¢(

which proves (A.76) and (A.79).

A21



Substituting (A.82) and (A.83) into (17),

b,
m: = hxy + ¢x; + 3hx, (og + th)
a

! (ag I+ ) +0(8%

a; at

h+¢00( z—t)

bt t 3 3
143+ | x; +0(6).
t t

Xt

+¢

This proves (A.77)—-(A.81). At the symmetric zero-trend operating point the steady-state inflation

rate is zero; under the local hazard formulation the weaker statement 7y = 0(0'3) is sufficient. O

Note that at A = H, A> = H, A3 = H and 1 = 1, where a denominator of the closed forms in

Theorem 2 vanishes, the coefficients are defined by continuity. Specifically, the limits are finite.

For example, lim)_,y % = I%I, so that f1;, — h+ 3(/5(73(1 + ht); limy2_, g % = I%’ SO
that ap; — @¢(1+ht); and lim)_,; w = tH'. The case A* — H is analogous. The limits

coincide with the finite sums of Theorem 3.

D Estimation and historical shock decomposition

This appendix discusses how the model is solved, how the structural innovations are recovered
from the data, how the pricing primitives are estimated, and how the historical shock

decomposition of Section 5 is constructed.

Solution and state space. We solve the model by third-order perturbation around its
deterministic steady state, with the k-order solver of Dynare (Schmitt-Grohé and Uribe 2004;
Adjemian et al. 2024). Collect the model’s predetermined variables in s;, the three structural
innovations in & = (g4¢s %), and the three observables in 1,. The solution is a pair of

polynomials of degree three,
st = g(st-1, &), Yr = Z(St-1,€) + Uy, e ~N(0,Q), v, ~N(O,R),

with Q diagonal and R the diagonal covariance matrix of the measurement errors. Demeaning the

observables sets the constant of the measurement equation to zero.?

2The policy rate is the effective federal funds rate for the United States and, for the euro area, the overnight interbank
rate: EONIA until 2019Q3 and the euro short-term rate thereafter, both as quarterly averages. We treat it as missing
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Table A.1: Estimated parameters: priors and order-1 posteriors (US and euro area)

US (CPI) Euro area (HICP)

Parameter Prior Posterior Prior Posterior
Shock innovation standard deviations

Cost-push O Inv.Gamma(0.02, 0.02) 0.024 Inv.Gamma(0.02, 0.02) 0.028

Monetary o¢ Inv.Gamma(0.02, 0.02) 0.007 Inv.Gamma(0.02, 0.02) 0.006

Demand Oy Inv.Gamma(0.02, 0.02) 0.014 Inv.Gamma(0.02, 0.02) 0.019
Measurement-error standard deviations

Inflation or¢  Inv.Gamma(0.5, 0.3) 0.245 Inv.Gamma(0.5, 0.3) 0.210

Output growth UX’; Inv.Gamma(1, 0.5) 0.540 Inv.Gamma(1, 0.5) 0.675

Policy rate o™ Inv.Gamma(0.5, 0.3) 0.319 Inv.Gamma(0.5, 0.3) 0.315
Shock persistences

Cost-push Pu Beta(0.7, 0.05) 0.820 Beta(0.7, 0.05) 0.779

Monetary P 0.200 0.300

Demand Db Beta(0.1, 0.05) 0.457 Beta(0.1, 0.05) 0.407

Notes. First-order Bayesian estimation (Kalman filter) on the three demeaned observables (the policy rate is missing at the effective
lower bound), at the SMM estimates of the pricing primitives. The prior columns give the distribution with its (mean, standard
deviation); the posterior columns give the mode (point estimate). The monetary persistence p, is fixed at 0.20 for the US and 0.30 for
the euro area, as discussed in Section 5. Because p, is fixed, the modes are not an unconstrained posterior maximum, so we report
them without standard errors.

The third-order step: tempered particle filter. At third order neither the filtering distribution
nor the likelihood is Gaussian (Fernandez-Villaverde and Rubio-Ramirez 2007; Aruoba et al. 2017).
A single measurement update at this sample length concentrates nearly all of the weight on a
handful of particles, so we temper it into stages, following Herbst and Schorfheide (2019). Each
period runs in four steps.

(1)
t-1

1. Propagation. For every particle we draw egi) ~ N(0,Q) and push (s £t(i)) through g and

A

2. Tempered update. The measurement density is introduced in K = 10 equal increments,
so that at each stage every particle’s weight is multiplied by exp{—ﬁ 0W’R~19(} where
o) =y, - Z (sii)l, gt(i)) is the particle’s prediction error, recomputed at each stage from
the particle’s current state and innovation. Whenever the effective sample size of the

accumulated weights falls below N /2, the cloud is resampled systematically and rejuvenated

by three random-walk Metropolis steps on et(i), whose acceptance ratio carries the tempered

in the quarters at the effective lower bound, in which the federal funds rate averages at most 0.25 percent or the
deposit facility rate of the ECB is at or below zero: 2009Q1-2015Q4 and 2020Q2-2022Q1 in the United States, and
2012Q4-2022Q3 in the euro area. In those quarters, both filters update on inflation and output growth alone. We
demean the policy rate over the quarters in which it is observed.
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likelihood and the innovation’s own density.

3. Likelihood. The period’s contribution is the sum across stages of the log of the average
incremental weight, each stage averaged under the weights entering it, which telescopes
to the log of the period’s average full weight. We add the Gaussian normalizing constant,
—%(nylog 27 + logdetR) with n, = 3 observables, so that the reported log-likelihood is

normalized.

4. Resampling. The cloud is resampled systematically at the end of the period, so that every

period starts from equally weighted particles.

The filter is initialized at the covariance the first-order solution of the model implies, which solves
the discrete Lyapunov equation in the stationary directions of the state. In the direction the unit
root in the price level leaves undetermined, it receives a diffuse block instead, capped at a finite

value so that the initial weights do not degenerate.

Smoothing. Two-sided estimates come from a fixed-lag particle smoother (Kitagawa 1996;
Doucet and Johansen 2011). The filter carries the last L+1 periods of particle states and innovations
and reindexes them through the ancestor lineage of every resampling step, so the slice stored for
date 7 and read at date t is an equally weighted sample from p(s;, e; | Y1.;). The slice is frozen
once t = 7+ L, and the final L periods are read from the last buffers, which condition on the whole
sample. We set L = 16 quarters.

We read the smoother for four stationary objects: the price gap, its variance, the frequency
of adjustment, and the innovations themselves. At the estimated persistences, dates more than
four years ahead carry negligible information about them, so the frozen slice is their smoothed
distribution up to that memory.

The construction runs no backward pass and therefore needs no transition density, the
smoothed moments being particle averages of forward draws. That matters here, because
the alternative, backward simulation (Godsill et al. 2004), requires the density of s;4; given
sz, which is supplied only on a three-dimensional subspace by three innovations driving a

fourteen-dimensional state.

Estimation of the pricing primitives. We calibrate o and estimate the steady-state frequency
h = h(0) +¢o¢ and the curvature share a = (;503/}_1, which map into h(0) = (1-a)h and ¢ = afz/ag.
The model moments are computed from the smoothed frequency E[h; | Yi.r], averaged across

the eight seeds of the particle smoother. The first moment, my, is its mean over 2010Q1-2019Q4.
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The second, mg, is its maximum over the surge window, 2021Q1-2023Q1 in the United States and
2021Q3-2023Q1 in the euro area.

On the data side, the first target is the mean of the micro series over the same quarters.
For the United States, the series is the weighted median frequency of Cotton and Garga (2026), a
12-month trailing average. The peak target h* = 0.35 is a judgment on the quarterly peak net of
the change in sample composition (Section 5.1), so we compare it with the model’s quarterly peak.
For the euro area, we remove month-of-year effects, estimated over 2010-2019, from the monthly
frequency of Gautier et al. (2026) before compounding it to quarters, so that January repricing does
not set the peak. The peak target is the maximum of the adjusted series over the surge window.

Each evaluation of the moments re-estimates the order-1 posterior mode and runs the eight
particle smoothers, so the simulated moments are costly to compute and carry simulation noise.
We therefore evaluate them on a design of points around the solution and fit, by weighted least
squares, a local response surface for each moment in 8 = (i_z, @), quadratic in a. The estimate 0
solves the two fitted moment conditions. We add points near the current root and refit until the
moments simulated at the root match their targets within simulation error.

With as many moments as parameters, the weighting matrix drops out, and the variance of
the estimate is given by:

V(0) =G Q (G + Viim,

where G is the slope of the fitted response surface at é, Q the variance of the data moments, and
Vsim the simulation variance of the root. The two data moments use different windows of the micro
series, so Q is diagonal. Its first element is the Newey-West long-run variance, with eight lags, of
the quarterly gap between the micro series and the smoothed frequency over 2010-2019, divided
by the number of quarters. Its second element adds two terms. The first is the uncertainty of the
peak target: for the United States, the variance of a uniform distribution on [0.343,0.371], a band
around the judgmental target; for the euro area, the quarterly noise of the series. The second is
the posterior variance of the frequency in the peak quarter t*, ¢* Var(o? +x2 | Yi.7), because the
observed peak is one draw from the posterior distribution of h;+, whereas the model moment is
its mean. Standard errors of h(0), ¢, the steady-state frequency h, and the first-order slope of the
Phillips curve follow by the delta method. All of them condition on ¢y and on the observed macro
history.

The delta method treats the moments as linear in 6, whereas the peak moment flattens as «
rises. We therefore also compute a 95% confidence set for ¢, obtained by test inversion. For each

a, the statistic

2 (i (h, @) - mgata)2

Q(Of) - m’_lil’l é Qpr + Uk(}_l, 0()
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profiles out h, where 1 is the fitted response surface, vy its fit variance, and Q, is evaluated at
the ¢ implied by (h, ). The set collects the values of a at which Q(«) does not exceed the 95%
critical value of a y?(1) distribution, mapped into ¢ along the minimizing h. The set is [13.8, 34.5]
in the euro area and [8.1, 165.1] in the United States. Both US ends lie at the bounds of the search
range for a, beyond the evaluated points, where the response surface is extrapolated. In the euro

area, a separate range of a, outside the set, also passes the test.

Structural shocks and historical shock decomposition. The historical decompositions of
Figure 4 and Table 2 use the same construction at both first and third order. For each shock k,
we set k’s innovations—Kalman-smoothed or particle-smoothed—to their estimated values, hold
every other shock at zero, and propagate the resulting single-shock path through the decision rule
of the model that recovered the innovations: the order-1 rule for the Kalman-smoothed innovations
and the order-3 rule for the particle-smoothed ones. The comparison therefore measures the
move from the linear to the nonlinear model. This gives a counterfactual path contriby (¢)—what
the observable would have done if shock k alone had hit the economy—and the share reported
in Table 2 is S(k) = >,y contribg(¢)/>,;cw ﬂfbs, the component’s share of inflation over the
surge window W. The single-shock paths and the fitted series use the smoothed means of the
innovations. Because the order-3 decision rule is nonlinear, a path generated by the smoothed
means need not equal the posterior mean of that path, so the decomposition should be interpreted
as a “plug-in exercise,” applied identically to both columns.

This construction need not sum to 100% across shocks, in either column, for two reasons.
The order-3 decision rule does not satisfy superposition, so the three single-shock paths no longer
sum to the fitted series even before measurement error is considered. The gap is the model’s
own cross-shock interaction terms, active only when multiple shocks move together, which a
one-shock-at-a-time construction cannot assign to any single disturbance. The decomposition is
exact for the order-1 rule, so the interaction term is zero in the Kalman column. And the fitted
series differs from the data, by measurement error and because it is built from point estimates of the
innovations. Because the shares are linear in the paths, naming the wedges closes the accounting
exactly: writing yo% = ¥ contribg (¢) + I(t) + FG(t), with I the cross-shock interaction in the
fitted series and FG the gap between the data and the fitted series, gives ., S(k) +Sr+Src = 100%
as an identity. Table 2 reports S; and Spg as the joint interaction and data minus joint.

Figure A.1 reports the historical decomposition implied by the first-order model, with the
Kalman-smoothed innovations propagated through the order-1 decision rule. It is the counterpart
of Figure 4 and of the Kalman column of Table 2. As we discuss in the paper, cost-push shocks

play a much larger role in rationalizing inflation during the recent surge.
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